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In the paper two-stage network games are considered in which at the first stage players form
a directed network, whereas at the second stage they choose feasible controls. It is assumed
that payoffs of players depend on both the network and controls chosen by their “neighbors”.
In a cooperative case we find cooperative behavior of players and consider the Shapley value as
a solution of the game. It is proved that the Shapley value is time-inconsistent, therefore the
dynamic Shapley value is defined with the use of imputation distribution procedure. Bibliogr.
9. Fig. 1. Table 1.
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ДВУХСТУПЕНЧАТЫЕ СЕТЕВЫЕ ИГРЫ
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В работе строится двухэтапная сетевая игра, в которой на первом этапе игроки фор-
мируют ориентированную сеть, а на втором – выбирают некоторые допустимые управле-
ния. Предполагается, что выигрыши игроков зависят от самой топологии сети, выбран-
ного управления и от выбранного управления «соседей» в сформированной сети. При
рассмотрении кооперации игроков находится кооперативное поведение, а в качестве реше-
ния используется вектор Шепли. Показывается, что вектор Шепли является динамически
неустойчивым решением, в связи с чем строится динамически устойчивая процедура рас-
пределения вектора Шепли. Библиогр. 9 назв. Ил. 1. Табл. 1.

Ключевые слова: сеть, кооперация, вектор Шепли, динамическая устойчивость.

Introduction. In the theory of dynamic cooperative games, time-consistency of a
solution is the key problem. Namely, having agreed on the particular solution before the
game starts, players have to get the payoff prescribed by this solution at the end of the
game. Such a problem is quite common for dynamic cooperative games, since during
the game in the case of time-inconsistency, players may break initial agreement by their
actions. Time-consistency of the cooperative solution based on a special payment scheme
[1] stimulates players to follow agreed upon cooperative behavior.

In [2–4] two-stage network games were considered, in which players form a network [5]
at the first stage, and then at the second stage they choose admissible controls. In
particular, it was proved that in the cooperative setting, the cooperative solution – the
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Shapley value [6] – is time-inconsistent. Time-inconsistency of other cooperative solutions,
e.g. the core or the τ -value, was shown in [7]. In contrast to the mentioned above papers,
in which two-stage models were developed for undirected networks (models with two-way
flow), in the present research we focus on two-stage models for directed networks (one-way
flow models).

1. The model. Let N = {1, . . . , n} be a finite set of players, and g be a given net-
work – the set of pairs (i, j) ∈ N×N where (i, j) ∈ g means that there is a direct link con-
necting players i and j and such a link generates communication of player i with player
j. As it was mentioned before, the network under consideration is one-way flow network,
that is any link (i, j) is direct link, i.e. (i, j) �= (j, i).

Consider a two-stage model. At the first stage, players choose their partners – players
with whom they want to form links. Once the partners are chosen, a communication
structure, i.e. a network is formed. At the second stage, players choose admissible control
variables, which together with the formed network, affect their payoffs. Consider the model
in details.

1.1. First stage: network formation. A network is formed as a result of
simultaneous choices of all players. Let Mi ⊆ N \ {i} be the set of players to whom player
i ∈ N can offer a link, and ai ∈ {0, . . . , n−1} be the maximal number of links which player
i can offer. At the first stage, behavior of player i ∈ N is a profile gi = (gi1, . . . , gin), where

gij =
{

1, if player i offers a link to player j ∈Mi,
0, otherwise, (1)

subject to the constraint: ∑
j∈N

gij � ai. (2)

From (1) we get gii = 0, i ∈ N , which excludes loops from the network, whereas the
condition (2) shows that the number of “offers” is limited. Note that if Mi = N \ {i},
player i can offer a link to any player, whereas if ai = n − 1, he can offer any number of
links.

Denote the set of all possible behaviors of player i ∈ N at the first stage satisfying
(1), (2) by Gi. The set

∏
i∈N Gi is the set of behavior profiles at the first stage. Supposing

that players choose their behaviors gi ∈ Gi, i ∈ N , simultaneously and independently of
each other, the behavior profile (g1, . . . , gn) is formed. A resulting network g consists of
directed links (i, j) s.t. gij = 1.

Define the closure of network g as an undirected network ḡ, where ḡij = max{gij, gji}.
Denote neighbors of player i in the network g by Ni(g) = {j ∈ N \{i} : (i, j) ∈ g}, whereas
neighbors of player i in the closure ḡ are denoted by Ni(ḡ) = {j ∈ N \ {i} : (i, j) ∈ ḡ}.

Example 1. Consider a four player case. Let N = {1, 2, 3, 4} and players choose the
following behaviors: g1 = (0, 0, 0, 1), g2 = (0, 0, 1, 0), g3 = (0, 1, 0, 1), g4 = (1, 0, 0, 0). The
network g consists of five links g = {(1, 4), (2, 3), (3, 2), (3, 4), (4, 1)}, whereas its closure ḡ
consists of three undirected links ḡ = {(1, 4), (2, 3), (3, 4)} (see figure, a and b). Note that,
for instance, N4(g) = {1} while N4(ḡ) = {1, 3}.

1.2. Second stage: controls. To allow players to break formed links at the first
stage (we introduce this possibility to punish neighbors from the complementary coalition
in the case of zero-sum game which can appear at coalition formation stage), we define an
n-dimensional profile di(g) as follows:
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dij(g) =

⎧⎨⎩ 1, if player i keeps the link formed at the first stage
with player j ∈ Ni(g) in network g,

0, otherwise.
(3)

Networks for examples 1, 2

a – network g; b – network ḡ; c – network gd; d – network ḡd.

Denote all profiles di(g) satisfying (3) by Di(g), i ∈ N . At the second stage players si-
multaneously and independently choose di(g), i ∈ N , thus the profile (d1(g), . . . , dn(g))
changes network g forming a new network which is denoted by gd.

Example 2. Suppose that players choose their profiles gi, i ∈ N , as in example 1
forming the network g = {(1, 4), (2, 3), (3, 2), (3, 4), (4, 1)}. Let d1(g) = (0, 0, 0, 1), d2(g) =
(0, 0, 0, 0), d3(g) = (0, 0, 0, 1), d4(g) = (1, 0, 0, 0), i.e. Player 1 keeps the link with Player 4,
Player 2 breaks the link with Player 3, Player 3 breaks the link with Player 2, and Player 4
keeps the link with Player 1. Then we have a new network gd = {(1, 4), (3, 4), (4, 1)}. The
closure ḡd consists of two undirected links ḡd = {(1, 4), (3, 4)} (see figure, c and d).

Also at the second stage player i ∈ N chooses control ui from a given set Ui. Then
behavior of player i ∈ N at the second stage is a pair (di(g), ui).

Payoff function Ki of player i depends on network gd, his control ui and controls uj ,
j ∈ Ni(ḡd) of his neighbors in the closure ḡd. More formally,

Ki(ui, uNi(ḡd)) : Ui ×
∏

j∈Ni(ḡd)

Uj 
→ R, i ∈ N,

is a real-valued function where notation uNi(ḡd) means the profile of chosen controls uj of
all player j ∈ Ni(ḡd) in network ḡd.

2. Cooperation in one-way flow two-stage network games. In this section
we study the cooperative case: we allow players to coordinate their actions and choose
behaviors jointly. Players being rational, choose their behaviors gi ∈ Gi, (di(gd), ui) ∈
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Di(g) × Ui, i ∈ N , to maximize the joint payoff, the value:∑
i∈N

Ki(ui, uNi(ḡd)). (4)

It can be easily seen that to maximize the total sum (4) of players’ payoffs (supposing
that maximum in (4) exists), it is sufficient to form the network at the first stage without
changing it at the second stage, i.e. di(g) ≡ gi, for all i ∈ N and

max
(gi,di(g),ui)∈Gi×Di(g)×Ui,

i∈N

∑
i∈N

Ki(ui, uNi(ḡd)) = max
(gi,ui)∈Gi×Ui,

i∈N

∑
i∈N

Ki(ui, uNi(ḡ)).

The profile (g∗i , u
∗
i ), i ∈ N , maximizing (4) we call the cooperative profile. Behavior

profile (g∗1 , . . . , g
∗
n) forms the network g∗ and∑
i∈N

Ki(u∗i , u
∗
Ni(ḡ∗)) = max

(gi,ui)∈Gi×Ui,
i∈N

∑
i∈N

Ki(ui, uNi(ḡ)).

To allocate the maximal sum of players’ payoffs according to some solution concept,
one needs to construct a cooperative TU-game (N,V ). The characteristic function V is
defined in the sense of von Neumann and Morgenstern as:

V (N) =
∑
i∈N

Ki(u∗i , u
∗
Ni(ḡ∗)),

V (S) = max
(gi,di(g),ui)∈Gi×Di(g)×Ui,

i∈S

min
(gj,dj(g),uj )∈Gj×Dj(g)×Uj ,

j∈N\S

∑
i∈S

Ki(ui, uNi(ḡd)),

V (∅) = 0,

where the network g is formed by profile (g1, . . . , gn) and the network gd is formed by
profile (d1(g), . . . , dn(g)).

Consider a non-empty coalition S ⊂ N . Denote a network, formed by profiles gi,
i ∈ N , s.t. gj = (0, . . . , 0) for all j ∈ N \ S, by gS . Let ḡS be the closure of gS . For
any controls ui, i ∈ S let controls ũj(uS), j ∈ N \ S, where uS = {ui}, i ∈ S, solve the
following optimization problem:∑

i∈S

Ki

(
ui, uNi(ḡS)∩S , ũ(N\S)∩Ni(ḡS)(uS)

)
=

= min
uj ,j∈(N\S)∩Ni(ḡS)

∑
i∈S

Ki

(
ui, uNi(ḡS)∩S , u(N\S)∩Ni(ḡS)

)
.

Here uNi(ḡS)∩S is the profile of controls chosen by all neighbors of player i from coalition
S in the network ḡS , and ũ(N\S)∩Ni(ḡS)(uS) is a profile of controls chosen by all players
from coalition N \ S who are neighbors of player i in the network ḡS .

P r o p o s i t i o n 1. Suppose that functions Ki, i ∈ N , are non-negative and satisfy
the following property: for any two networks g and g′ s.t. g′ ⊆ g, controls (ui, uNi(ḡ)) ∈
Ui ×

∏
j∈Ni(ḡ) Uj and player i, the inequality Ki(ui, uNi(ḡ)) � Ki(ui, uNi(ḡ′)) holds. Then

for all S ⊂ N we have

V (S) = max
(gi,ui)∈Gi×Ui,

i∈S

∑
i∈S

Ki

(
ui, uNi(ḡS)∩S , ũ(N\S)∩Ni(ḡS)(uS)

)
.
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Proof. Consider the maxmin value for coalition S ⊂ N :

V (S) = max
(gi,di(g),ui)∈Gi×Di(g)×Ui,

i∈S

min
(gj,dj(g),uj )∈Gj×Dj(g)×Uj ,

j∈N\S

∑
i∈S

Ki(ui, uNi(ḡd)).

Since the presence of a link (j, i) ∈ g, i ∈ S, j ∈ N \ S, increases payoff of coalition S
according to the property formulated in the statement of Proposition 1, therefore, player
j ∈ N \ S, as a neighbor of i, changes his component dji(g) from 1 to 0 in the profile
dj(g), i.e. removes link (j, i) to minimize the payoff of coalition S. Thus, to minimize the
value

∑
i∈S Ki(ui, uNi(ḡd)) players from N \S remove all links with players from S and use

controls ũj(uS), j ∈ N \ S. Note that it is not important for coalition S how players from
its complement N \ S are connected to each other. Therefore, without loss of generality
assuming that dj(g) = (0, . . . , 0) for all j ∈ N \ S, we obtain

V (S) = max
(gi,di(g),ui)∈Gi×Di(g)×Ui,

i∈S

∑
i∈S

Ki

(
ui, uNi(ḡS)∩S, ũ(N\S)∩Ni(ḡS)(uS)

)
.

To maximize the sum
∑

i∈S Ki(ui, uNi(ḡS)∩S , ũ(N\S)∩Ni(ḡS)(uS)), it is sufficient for players
from coalition S to form the network at the first stage without changing it at the second
stage, i.e. di(g) ≡ gi, for all i ∈ S. Then we get

V (S) = max
(gi,ui)∈Gi×Ui,

i∈S

∑
i∈S

Ki(ui, uNi(ḡS)∩S , ũ(N\S)∩Ni(ḡS)(uS))

which proves the statement.
An imputation in the cooperative two-stage network game is a profile ξ(V ) =

(ξ1(V ), . . . , ξn(V )) s.t.
∑

i∈N ξi(V ) = V (N) and ξi(V ) � V ({i}) for all i ∈ N . We
denote the set of all imputations in the game (N,V ) by I(V ). A solution concept
(or simply solution) of TU-game (N,V ) is a rule that uniquely assigns a subset of
I(V ) to the game (N,V ). For example, if the solution concept is the Shapley value
φ(V ) = (φ1(V ), . . . , φn(V )), its components can be calculated as

φi(V ) =
∑

S⊆N,i∈S

(|N | − |S|)!(|S| − 1)!
|N |! [V (S) − V (S \ {i})] for all i ∈ N.

3. Time-consistency problem. In this section we study time-consistency of the
Shapley value φ(V ). We already found behavior profiles (g∗i , u

∗
i ), i ∈ N , of players which

maximize the sum (4) allowing players to get the value V (N). Allocating V (N) according
to the Shapley value, we obtain the solution φ(V ) = (φ1(V ), . . . , φn(V )). In other words,
in the cooperative two-stage network game player i ∈ N should receive the amount of
φi(V ) as his payoff.

After the first stage (after forming network g∗) players may recalculate the solution
according to the same solution concept. To find the new, recalculated solution, one needs
to consider the subgame (one-stage game) starting from the second stage, provided that
players chose behavior profile (g∗1 , . . . , g

∗
n) at the first stage, and therefore formed network

g∗. Consider this subgame. The characteristic function for the subgame will depend on a
parameter – the network g∗ – formed at the first stage, and we denote this function as
v(g∗, S) to stress the dependence on the network. The characteristic function v(g∗, S) in
the sense of von Neumann and Morgenstern is defined as follows:

v(g∗, N) =
∑
i∈N

Ki(u∗i , u
∗
Ni(ḡ∗)) = V (N),
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v(g∗, S) = max
(di(g∗),ui)∈Di(g∗)×Ui,

i∈S

min
(dj(g∗),uj )∈Dj(g∗)×Uj ,

j∈N\S

∑
i∈S

Ki(ui, uNi(ḡd∗)),

v(g∗,∅) = 0.

The following proposition can be proved similarly to Proposition 1.
P r o p o s i t i o n 2. If functions Ki, i ∈ N , are non-negative and satisfy the property

stated in Proposition 1, the value v(g∗, S) can be calculated by formula

v(g∗, S) = max
ui∈Ui,

i∈S

∑
i∈S

Ki(ui, uNi(ḡ∗
S)∩S, ˜̃u(N\S)∩Ni(ḡ∗

S)(uS)),

where ˜̃uj(uS), j ∈ N \ S, solve the following optimization problem:∑
i∈S

Ki

(
ui, uNi(ḡ∗

S)∩S , ˜̃u(N\S)∩Ni(ḡ∗
S)(uS)

)
=

= min
uj ,j∈(N\S)∩Ni(ḡ∗

S)

∑
i∈S

Ki

(
ui, uNi(ḡ∗

S)∩S, u(N\S)∩Ni(ḡ∗
S)

)
and ḡ∗S is the closure of network g∗S , formed by profiles g∗i , i ∈ N , s.t. g∗j = (0, . . . , 0) for
all j ∈ N \ S.

In the subgame, an imputation ξ(g∗, v) = (ξ1(g∗, v), . . . , ξn(g∗, v)) satisfies two
conditions:

∑
i∈N ξi(g∗, v) = v(g∗, N) and ξi(g∗, v) � v(g∗, {i}), i ∈ N . Recalculate

players’ payoffs in the subgame using the same solution concept – the Shapley value
φ(g∗, v) = (φ1(g∗, v), . . . , φn(g∗, v)), where its components can be computed as

φi(g∗, v) =
∑

S⊆N,i∈S

(|N | − |S|)!(|S| − 1)!
|N |! [v(g∗, S) − v(g∗, S \ {i})]

for all i ∈ N .
D e f i n i t i o n 1. The Shapley value φ(V ) is time-consistent if:

φi(V ) = φi(g∗, v), i ∈ N. (5)

The equality (5) means that if we use the imputation ξ(V ) = φ(V ) at the first stage,
and then at the second stage recalculate players’ payoffs according to the same solution
concept ξ(g∗, v) = φ(g∗, v), i.e. calculate a new imputation ξ(g∗, v) = φ(g∗, v), subject to
formed network g∗, players’ payoffs prescribed by this imputation will not change. Since
in most games the condition (5) is not satisfied (in our setting characteristic functions
V (S) and v(g∗, S) are different), the time-consistency problem arises: player i ∈ N , who
initially expected his payoff to be equal to φi(V ), can receive different payoff φi(g∗, v). To
avoid such situation in the game, we propose a stage payments mechanism–imputation
distribution procedure [1] for the Shapley value φ(V ).

D e f i n i t i o n 2. Imputation distribution procedure for φ(V ) in the cooperative
two-stage network game is a matrix

β =

⎛⎜⎝ β11 β12

...
...

βn1 βn2

⎞⎟⎠ ,

s.t. φi(V ) = βi1 + βi2 for all i ∈ N .
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The value βik is a payment to player i at stage k = 1, 2. Therefore, the following
payment scheme is applied: player i ∈ N at the first stage of the game receives the
payment βi1, at the second stage of the game he receives the payment βi2, thus his total
payment received at both stages βi1 + βi2, is equal to the component of the Shapley value
φi(V ), which he initially wanted to get in the game as the payoff.

D e f i n i t i o n 3. Imputation distribution procedure β for the Shapley value φ(V )
is time-consistent if for all i ∈ N

φi(V ) − βi1 = φi(g∗, v).

It is obvious that time-consistent imputation distribution procedure for φ(V ) in the
cooperative two-stage network game can be defined as follows:

βi1 = φi(V ) − φi(g∗, v), βi2 = φi(g∗, v), i ∈ N. (6)

4. Numerical example. To illustrate the theoretical results obtained in the previous
sections, consider a three-person game as an example. Let N = {1, 2, 3} be the set of
players. We suppose that Player 1 can establish a link with Player 3, Player 2 can establish
links with Player 1 and Player 3, and, finally, Player 3 can establish links with Player 1
and Player 2. Therefore, we have: M1 = {3}, M2 = {1, 3}, M3 = {1, 2}. Moreover, we
suppose that each player can offer a limited number of links: Player 1 and Player 3 can
offer only one link, while Player 2 can offer two links that is a1 = a3 = 1, a2 = 2.
Thus, at the first stage the sets of behaviors of players are: G1 = {(0, 0, 0); (0, 0, 1)},
G2 = {(0, 0, 0); (1, 0, 0); (0, 0, 1); (1, 0, 1)}; G3 = {(0, 0, 0); (1, 0, 0); (0, 1, 0)}.

Let ui be behavior of player i ∈ N at the second stage, and Ui = [0,∞) for all i ∈ N .
The payoff function of player i depends on players connected with player i as well as
on players with whom player i established links and have the following form [8, 9] (the
expression of the payoff function is justified in above mentioned papers and is used in
network models of public goods):

Ki(g, u) = ln

⎛⎝1 + ui +
∑

j∈Ni(ḡ)

uj

⎞⎠− ciui − k|Ni(g)|,

where parameters c1 = 0.2, c2 = 0.25, c3 = 0.4, k = 0.75, and network g is formed by
the profile (g1, g2, g3), and u = (u1, u2, u3). To find cooperative behavior, one needs to
maximize the total payoff, i.e. to solve the optimization problem:

max
(gi,ui)∈Gi×Ui,

i=1,2,3

3∑
i=1

Ki(g, u) = max
(gi,ui)∈Gi×Ui,

i=1,2,3

3∑
i=1

⎡⎣ln

⎛⎝1 + ui +
∑

j∈Ni(ḡ)

uj

⎞⎠− ciui − k|Ni(ḡ)|
⎤⎦ .

From table we conclude that V (N) = 3.8242 which is attained at two different profiles:

g∗1 = (0, 0, 1), u∗1 = 14, g∗1 = (0, 0, 0), u∗1 = 14,
g∗2 = (1, 0, 0), u∗2 = 0, and g∗2 = (1, 0, 0), u∗2 = 0,
g∗3 = (0, 0, 0), u∗3 = 0, g∗3 = (1, 0, 0), u∗3 = 0,

which form networks {(1, 3), (2, 1)} and {(2, 1), (3, 1)} at the first stage respectively.
By the definition of characteristic function V (S), find its values for all S ⊂ N . For

i ∈ N we have
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V ({i}) = max
(gi,di(g),ui)∈Gi×Di(g)×Ui

min
(gj,dj(g),uj )∈Gj×Dj(g)×Uj ,

j �=i

Ki(g, u) =

= max
(gi,ui)∈Gi×Ui

Ki(g, u)|gj=0,uj=0, j 
=i =

= max
ui∈Ui

[ln (1 + ui) − ciui] .

Total payoffs of players

Network g
3∑

i=1
Ki Network g

3∑
i=1

Ki

∅ 1.7620 {(1, 3), (3, 2)} 2.2870
{(1, 3)} 2.6915 {(2, 1)} 2.3715

{(1, 3), (2, 1)} 3.8242 {(2, 1), (2, 3)} 3.2047
{(1, 3), (2, 1), (2, 3)} 3.0742 {(2, 1), (2, 3), (3, 1)} 3.0742

{(1, 3), (2, 1), (2, 3), (3, 1)} 2.3242 {(2, 1), (2, 3), (3, 2)} 2.4547
{(1, 3), (2, 1), (2, 3), (3, 2)} 2.3242 {(2, 1), (3, 1)} 3.8242

{(1, 3), (2, 1), (3, 1)} 3.0742 {(2, 1), (3, 2)} 3.2047
{(1, 3), (2, 1), (3, 2)} 3.0742 {(2, 3)} 2.4683

{(1, 3), (2, 3)} 2.2870 {(2, 3), (3, 1)} 2.2870
{(1, 3), (2, 3), (3, 1)} 1.5370 {(2, 3), (3, 2)} 1.7183
{(1, 3), (2, 3), (3, 2)} 1.5370 {(3, 1)} 2.6915

{(1, 3), (3, 1)} 1.9415 {(3, 2)} 2.4683

For all i, j ∈ {1, 2, 3}, such that either i ∈Mj or j ∈Mi, m = N \ {i, j},
V ({i, j}) = max

(gi,di(g),ui)∈Gi×Di(g)×Ui
(gj,dj(g),uj )∈Gj×Dj(g)×Uj

min
(gm,dm(g),um)∈Gm×Dm(g)×Um

[Ki(g, u) +Kj(g, u)] =

= max
(gi,di(g),ui)∈Gi×Di(g)×Ui
(gj,dj(g),uj )∈Gj×Dj(g)×Uj

[Ki(g, u) +Kj(g, u)]gm=0,um=0 =

= max{ max
ui∈Ui
uj∈Uj

[ln (1 + ui) − ciui + ln (1 + uj) − cjuj ] ,

max
ui∈Ui
uj∈Uj

[2 ln (1 + ui + uj) − ciui − cjuj − k]} =

= max{V ({i}) + V ({j}); max
ui∈Ui
uj∈Uj

[2 ln (1 + ui + uj) − ciui − cjuj − k]}.

Thus after solving the corresponding maximization problems, we obtain values of
characteristic function V (S):

S {1, 2, 3} {1, 2} {1, 3} {2, 3} {1} {2} {3}
V (S) 3.8242 2.0552 2.0552 1.6589 0.8094 0.6363 0.3163

The Shapley value φ(V ) = (φ1(V ), φ2(V ), φ3(V )), calculated for characteristic
function V (S), is

φ(V ) = (1.5179, 1.2331, 1.0731), (7)
i.e. choosing behaviors jointly at both stages, players get the total payoff of 3.8242 and
allocating the amount according to the Shapley value at the end of the game, each player
gets φi(V ), i = 1, 2, 3, as his payoff in the game.

To show that the Shapley value φ(V ) is time-inconsistent, consider the subgame of the
two-stage game, starting from the second stage, provided that players chose the cooperative
behaviors at the first stage. Select the cooperative profile g∗1 = (0, 0, 1), g∗2 = (1, 0, 0),
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g∗3 = (0, 0, 0), and u∗ = (u∗1, u
∗
2, u

∗
3) = (14, 0, 0). The cooperative behaviors at the first

stage (g∗1 , g
∗
2 , g

∗
3) form the network g∗ = {(1, 3), (2, 1)}. To prove that the Shapley value

φ(V ) is time-inconsistent it is sufficient to compute the Shapley value φ(g∗, v) and show
that φ(V ) �= φ(g∗, v). For this purpose calculate characteristic function v(g∗, S) in the
subgame for all S ⊂ N . Note that v(g∗, S) = V (S) = 3.8242. For i ∈ {1, 2, 3}, we have

v(g∗, {i}) = max
(di(g∗),ui)∈Di(g∗)×Ui

min
(dj (g∗),uj )∈Dj (g∗)×Uj,

j �=i

Ki(g∗, u) =

= max
(di(g∗),ui)∈Di(g∗)×Ui

Ki(g∗, u)|dj(g∗)=0,uj=0, j 
=i =

= max
ui∈Ui

[ln (1 + ui) − ciui] = V ({i}).

For all i, j ∈ {1, 2, 3}, m = N \ {i, j} we get:

v(g∗, {i, j}) = max
(di(g∗),ui)∈Di(g∗)×Ui
(dj(g∗),uj)∈Dj (g∗)×Uj

min
(dm(g∗),um)∈Dm(g∗)×Um

[Ki(g∗, u) +Kj(g∗, u)] =

= max
(di(g∗),ui)∈Di(g∗)×Ui

(dj (g∗),uj

[Ki(g∗, u) +Kj(g∗, u)]dm(g∗)=0,um=0 =

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

max
ui∈Ui
uj∈Uj

[ln (1 + ui) − ciui + ln (1 + uj) − cjuj)] , {i, j} = {2, 3},

max{ max
ui∈Ui
uj∈Uj

[ln (1 + ui) − ciui + ln (1 + uj) − cjuj ] ,

max
ui∈Ui
uj∈Uj

[2 ln (1 + ui + uj) − ciui − cjuj − k]}, otherwise.

Thus after solving the corresponding maximization problems, we obtain values of charac-
teristic function v(g∗, S), g∗ = {(1, 3), (2, 1)}:

S {1, 2, 3} {1, 2} {1, 3} {2, 3} {1} {2} {3}
v(g∗, S) 3.8242 2.0552 2.0552 0.9526 0.8094 0.6363 0.3163

Using the values v(g∗, S), the Shapley value φ(g∗, v) = (φ1(g∗, v), φ2(g∗, v), φ3(g∗, v))
is computed:

φ(g∗, v) = (1.7533, 1.1154, 0.9554),

and from (7) we conclude that φ(V ) �= φ(g∗, v). This shows time-inconsistency of the
Shapley value φ(V ). Time-consistent imputation distribution procedure β of the Shapley
value φ(V ) can be computed by formulas (6):

β =

⎛⎝ β11 β12

β21 β22

β31 β32

⎞⎠ =

⎛⎝ −0.2354 1.7533
0.1177 1.1154
0.1177 0.9554

⎞⎠ . (8)

Similarly, it can be seen that the Shapley value φ(V ) is time-inconsistent also for
the second cooperative behavior profile: g∗1 = (0, 0, 0), g∗2 = (1, 0, 0), g∗3 = (1, 0, 0), and
u∗ = (u∗1, u

∗
2, u

∗
3) = (14, 0, 0). The cooperative behaviors at the first stage (g∗1 , g

∗
2 , g

∗
3) form

the network g∗ = {(2, 1), (3, 1)}. One can show that the characteristic function v(g∗, S)
in the subgame, calculated for the given network g∗ = {(2, 1), (3, 1)}, coincides with the
characteristic function v(g, S) calculated for network g = {(1, 3), (2, 1)}. Therefore, given
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the network g∗ = {(2, 1), (3, 1)}, we have time-inconsistency of the Shapley value φ(V ),
and time-consistent imputation procedure β for the Shapley value φ(V ) will be the same
as in (8).

5. Conclusion. Two-stage games with network formation at the first stage are
considered. One of the main assumptions is that the payoff of any player depends only
on his behavior and behavior of his neighbors in the network. In contrast to our previous
results, the present research deals with directed network that influenced the construction
of characteristic function of the game. It is shown that the Shapley value – the proposed
cooperative solution of the two-stage game – is time-inconsistent, but with the use of
a newly introduced payment mechanism – imputation distribution procedure – one can
guarantee the realization of such solution in the game.
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8. Bramoullé Y., Kranton R. Public goods in networks // Journal of Economic Theory. 2007. Vol. 135,
N 1. P. 478–494.

9. Galeotti A., Goyal S. The Law of the Few // American Economic Review. 2010. Vol. 100, N 4.
P. 1468–1492.

The article is received by the editorial office on June 26, 2014.

Статья поступила в редакцию 26 июня 2014 г.


