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In the article it is shown that the nanopatterned interface of bimaterial is unstable due
to the diffusion atom flux along the interface. The main goal of the research is to analyze the
conditions of interface stability. The authors developed a model coupling thermodynamics
and solid mechanics frameworks. In accordance with the Gurtin—Murdoch theory of
surface/interface elasticity, the interphase between two materials is considered as a negligibly
thin layer with the elastic properties differing from those of the bulk materials. The growth
rate of interface roughness depends on the variation of the chemical potential at the curved
interface, which is a function of interface and bulk stresses. The stress distribution along
the interface is found from the solution of plane elasticity problem taking into account plane
strain conditions. Following this, the linearized evolution equation is derived, which describes
the amplitude change of interface perturbation with time.
Keywords: boundary perturbation method, evolution equation, interface diffusion, interface
elasticity, morphological instability.

1. Introduction. Engineering of nanopatterned bimaterial interfaces is becoming a
key technology in the field of electronic packaging. In many applications, such material
design improves mechanical, optical and electronic properties of products.

However, the interface relief may change during the manufacture and further
processing operations. This can negatively affect the properties of products and even lead
to their destruction due to a change of stress state near the interface. Therefore, in order
to fabricate structures with the required geometric parameters, as well as to ensure the
stability of the formed relief, it is necessary to investigate the mechanism of material
redistribution along the interface.

One of the most common models of morphological instability is the Asaro—Tiller—
Grinfeld (ATG) model [1, 2], in which the instability of a flat surface is caused by surface
diffusion driven by a change in the chemical potential along the surface. In this case,
the critical wavelength of the perturbated surface, which corresponds to the steady
relief, is directly proportional to the ratio of the surface energy to the elastic energy of
deformation calculated at the curved surface. The ATG model of morphological instability
was applied in many areas: the researchers analyzed the morphological evolution of voids,
microchannels, cylindrical fibers and spherical particles embedded in matrix, core-shell
nanowires, mono- and multilayered thin films [3–5].

The primary interest of the presented study is the development of theoretical model
of diffusional interface growth and pattern formation in two-phase material taking into
account the interface elasticity. Within the Gurtin—Murdoch theory of surface/interface
elasticity, the interphase between two materials is considered as a negligibly thin layer
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with the elastic properties which are different from those of the bulk materials [6, 7].
The rate of the growth of interface roughness depends on the variation of the chemical
potential at the curved interface, which is a function of interface and bulk stresses.
The stress distribution along the interface is found from the solution of plane elasticity
problem taking into account plane strain conditions. After that, the linearized evolution
equation is derived, which describes the amplitude change of interface perturbation with
time. A parametric analysis of the obtained equation leads to the definition of critical
conditions which predict the interface morphological instability and depend on initial
undulation wavelength, thermodynamic parameters, lattice mismatch stresses, interface
tension, surface and bulk elastic constants.

2. Problem formulation. Consider an isotropic bimaterial system with undulated
interface profile in the field of misfit stress, which occur due to the lattice mismatch
at the interface between two materials (Fig. 1). It is assumed that the interface shape
changes with time τ via diffusive mass transport that leads to misfit stress relaxation. The
elastic deformation caused by interface evolution is treated as a quasi-static state. Taking
into account the plane strain conditions, a two-dimensional boundary value problem for
the infinite plane B1 ∪ B2 is formulated in the terms of complex variable z = x1 + ix2,
where i2 = −1 and (x1, x2) are the global Cartesian coordinates. According to Gurtin—
Murdoch model of surface/interface elasticity [6, 7], the interface domain is assumed to be
a negligibly thin layer S adhering to the bulk phases B1 and B2 and with elastic properties
which differ from those of the bulk materials:

B1 = {z : x2 > ε(τ)f(x1)} , B2 = {z : x2 < ε(τ)f(x1)} ,

S = {z : z ≡ ζ = x1 + iε(τ)f(x1)} , f(x1) = a cos (bx1),
(1)

here ε(τ) = A(τ)/a, A(τ) is an amplitude of surface perturbation at the time τ , a is the
initial perturbation wavelength and b = 2π/a is a wavenumber. As we focus on the linear
stability analysis in this paper, it is assumed that ε(τ) � 1 ∀ τ > 0.

Fig. 1. A model of a bimaterial with slightly perturbated interface
under the uniaxial tension

The constitutive equations of Gurtin—Murdoch model are used in the assumption
that the normal component of the surface gradient tensor in the constitutive equation is
neglected:

σs
tt(ζ) = γ0 +Msε

s
tt(ζ), σs

33(ζ) = γ0 + (λs + γ0)εs
tt(ζ), ζ ∈ S, (2)
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where εs
tt and σs

tt are the nonvanishing components of the interface strain and the Piola—
Kirchhoff surface/interface stress tensor, respectively; Ms = λs + 2μs, λs and μs are the
interface Lamé constants, and γ0 is residual interface stress.

The generalized Hooke’s law for isotropic bulk material in the case of plane strain has
the form

σnn(z) = (λj + 2μj)εnn(z) + λjεtt(z),

σtt(z) = (λj + 2μj)εtt(z) + λjεnn(z), σnt(z) = 2μjεnt(z),

σ33(z) =
λj

2(λj + μj)
[σtt(z) + σnn(z)] , z ∈ Bj , j = {1, 2},

(3)

here σnn, σtt, σnt and εnn, εtt, εnt are the components of bulk stress and strain tensors,
respectively, defined in the local Cartesian coordinates (n, t) (n and t are normal and
tangential to the interface), and λj and μj are the Lamé constants of the bulk phase Bj.

At infinity, the stresses σαβ (α, β = {1, 2}) in the global coordinates (x1, x2) and the
rotation angle ω are specified as follows:

lim
x2→±∞σ22 = lim

x2→±∞σ12 = lim
x2→±∞ω = 0, lim

x2→±∞σ11 = σ0
j , j = {1, 2}. (4)

The conditions of mechanical equilibrium of undulated interface S in the case of
the simplified Gurtin—Murdoch constitutive equations is represented in the terms of the
generalized Young—Laplace equation [8]:

Δσ(ζ) = σ+(ζ) − σ−(ζ) = −κ(ζ)σs
tt(ζ) + i

1
h(ζ)

dσs
tt(ζ)
dx1

, ζ ∈ S, (5)

where σ(z) = σnn(z) + iσnt(z) is the stress complex vector and σ± = lim
z→ζ±i0

σ(z), κ

and h are the local principal curvature and metric coefficient on the curved interface S,
respectively.

It is assumed that the interface layer is coherently connected with both bulk materials.
As a result, the displacements are continuous at the interface

Δu(ζ) = u+(ζ) − u−(ζ) = 0, ζ ∈ S, (6)

here u = u1 + iu2 is a complex displacement vector, u± = lim
z→ζ±i0

u(z), u1 and u2 are the

displacements along axes of the Cartesian coordinates (x1, x2).
In order to minimize the total free energy, the interface shape can be rearrangement

by diffusive mass transfer. It is assumed that mass transfer occurs by interface diffusion.
The diffusion flux in phase Bj along the interface is proportional to the gradient of the
chemical potential χj [1, 9]

Jj(ζ, τ) = −DjCj

kbT

∂χj(ζ, τ)
∂s

, (7)

where Dj and Cj are the interface self-diffusivity coefficient and the number of diffusion
atoms of material per unit area, respectively, for the phase Bj ; kb is the Boltzmann’s
constant; T is the absolute temperature.
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The local chemical potential χj can be defined as free energy per unit of added volume
[10]:

χj(ζ, τ) =
[
Uj(ζ, τ) + (−1)j+1κ(ζ, τ)Us(ζ, τ)

]
Ωj . (8)

In (8) Ωj and Uj are an atomic volume and the strain energy density along the interface,
respectively, for material Bj , Us is the interface energy density.

The atomic flux divergence along the interface gives the change of interface profile
g(x1, τ) = ε(τ)f(x1) with time which can be written in the form of non-linear evolution
equation [9]:

∂g(x1, τ)
∂τ

= h(ζ, τ)
∂

∂s

[
r

1 + r
J1(ζ, τ) − 1

r + 1
J2(ζ, τ)

]
, (9)

here r = μ1/μ2 is a stiffness ratio.
The diffusional fluxes Jj are obtained from equation (7) taking into account equa-

tion (8):

Jj(ζ, τ) = −Kj
∂

∂s

[
Uj(ζ, τ) + (−1)j+1κ(ζ, τ)Us(ζ, τ)

]
, Kj =

DjCjΩj

kbT
. (10)

It should be noted, that this approach is also applicable for describing the morphological
changes at the surface and interface induced by the corrosion [11, 12] and the electrical
current [13].

3. Linear stability analysis. Since only linear instability of the interface S is inves-
tigated, we seek the components of stress and strain tensors of bulk and surface/interface
elasticity in the first-order approximation of boundary perturbation method:

Λ(z, τ) = Λ(0)(z) + ε(τ)Λ(1)(z), Λ = {σnn, σtt, σnt, εnn, εtt, εnt, σ
s
tt, ε

s
tt}. (11)

Therefore, the expressions for strain energy density along the interface Uj and interface
energy density Us take the form

U2 =
1
2

(
σ+

tt(0)εtt(0) + ε
[
σ+

nn(1)εnn(0) + σ+
tt(0)εtt(1) + σ+

tt(1)εtt(0)

])
,

U2 =
1
2

(
σ−

tt(0)εtt(0) + ε
[
σ−

nn(1)εnn(0) + σ−
tt(0)εtt(1) + σ−

tt(1)εtt(0)

])
,

Us =
1
2

(
σs

tt(0)ε
s
tt(0) + ε

[
σs

tt(1)ε
s
tt(0) + σs

tt(0)ε
s
tt(1)

])
.

(12)

The linearization in the space of the parameter ε for the metric coefficient h and the
local principal curvature κ can be written as

κ(x1, τ) = ε(τ)f ′′(x1), h(x1, τ) = 1, (13)

here a prime denotes the derivative with respect to the argument.
Substituting equations (10)–(13) into equation (9), we derive a linear ordinary

differential equation that gives the amplitude change of interface perturbation with time:

dA(τ)
dτ

f(x1) =
A(τ)

2(1 + r)
d2

dx2
1

{
K1r

[
σ+

nn(1)εnn(0) + σ+
tt(0)εtt(1)(x1)+

+ σ+
tt(1)(x1)εtt(0) + εs

tt(0)σ
s
tt(0)f

′′(x1)
]
−K2

[
σ−

nn(1)εnn(0) +

+ σ−
tt(0)εtt(1)(x1) + σ−

tt(1)(x1)εtt(0) − σs
tt(0)ε

s
tt(0)f

′′(x1)
]}
.

(14)
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After that, we have to define the components of stress and strain tensors for surface
and bulk phases, which are included in the right-hand side of the differential equation.
To this aim, we use the solution of the corresponding boundary value problem of
plane elasticity (1)–(6), which is detailed in [14]. According to [14], the stress tensor
components can be represented by Muskhelishvili’s formula through Goursat—Kolosov
complex potentials Φj and Υj:

σnn(z) + iσtt(z) = Φj(z) + Φj(z) −
[
Υj(z) + Φj(z) − (z − z)Φ′

j(z)
]
e−2iα,

σtt(z) + σnn(z) = 4ReΦj(z), z ∈ Bj , j = {1, 2},
(15)

where Φj , Υ1 and Υ2 are the functions holomorphic in Bi, B̃1 = {z : x2 > −εf(x1)}
and B̃2 = {z : x2 < −εf(x1)}, respectively, a bar over a symbol denotes the complex
conjugation and α is the angle between axes t and x1.

According to (4), the values of the functions Φj and Υj at infinity are following:

lim
x2→−∞Φj(z) = lim

x2→+∞Υj(z) = σ0
j /4.

The complex potentials Φj and Υj in the first order approximation can be written in
the form

Φj(z) = Φj(0)(z) + εΦj(1)(z), Υj(z) = Υj(0)(z) + εΥj(1)(z).

The boundary values of functions Φj(m), Υj(m) and σs
tt(m) are expanded in the Taylor

series in the vicinity of the line x2 = 0, considering the real variable x1 as a parameter.
For the first-order approximation we can write

Ψ(m)(ζ) = Ψ(m)(x1) + iεf(x1)Ψ′
(m)(x1), m = {0, 1},

here Ψ(m) could be any of the above-listed functions.
According to equality εf ′(x1) = tgα, the following linearization of an exponential

function can be written:
e−2iα = 1 − 2iεf ′(x1).

Based on the solutions of the Riemann—Hilbert problems on the jumps of analytical
functions at the line x2 = 0, the complex potentials are obtained as it follows:⎧⎨⎩

Φ2
1(m)(z) = −Υ2

2(m)(z) + Σm(z) +O1
m, Im z > 0,

Υ2
1(m)(z) = −Φ2

2(m)(z) + Σm(z) +O1
m, Im z < 0,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Υ2

2(m)(z) =
μ2κ1Σm(z) + Vm(z)

μ1 + μ2κ1
+O2

m, Im z > 0,

Φ2
2(m)(z) =

μ2Σm(z) − Vm(z)
μ2 + μ1κ2

+O2
m, Im z < 0.

(16)

In this formula Σm(z) =
1

2πi

∞∫
−∞

iσs′
tt(m)(t)

z − t
dt+

1
2πi

∞∫
−∞

F 1
m(t)
z − t

dt, Vm(z) =
1

2πi

∞∫
−∞

F 2
m(t)
z − t

dt,

κj = 4νj − 3, νj is the Poisson ratio of elastic domain Bj, Oj
0 = σ0

j /4, O
j
1 = 0, F j

0 = 0,
functions F j

1 = 0 are known and can be found in [14].
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In the case of the zero-order approximation, we arrive to

Φj(0)(z) = Υj(0)(z) = σ0
j /4, σs

tt(0)(x1) =
Ms(κ2 + 1)σ0

2

8μ2
,

σ11(0)(z) = σ0
j , σ0

1 =
μ1(κ2 + 1)
μ2(κ1 + 1)

σ0
2 , z ∈ Bj, j = {1, 2}.

For the first-order approximation, the solution is derived in trigonometric form

σs
tt(1) = −D cos (bx1), D =

2πMs

[
R1(1 − r)σ0

2 −R2σ
s
tt(0)b

]
2μ2 +MsR1b

,

here R1 = κ1/(r + κ1) + κ2/(1 + rκ2), R2 = κ1/(r + κ1) − κ2/(1 + rκ2).
The complex potentials can be found from equation (16). After that, one can obtain

the stress tensor components from equation (15) as well as components of strain tensor from
equation (3). Taking into account the form of initial interface undulation and integrating
linearized evolution equation (14) over the time, we obtain the governing equation which
gives the exponential growth or decay of amplitude A with time:

ln
(
A(τ)
A0

)
= P (a, λ1, μ1, λ2, μ2, λs, μs, γ0,K1,K2, σ

0
1 , σ

0
2)τ,

where P is a known function which depend on the physical and geometrical parameters of
the problem.

The critical value of initial wavelength acr corresponding to the state of equilibria
could be found from the following equation:

P (a, λ1, μ1, λ2, μ2, λs, μs, γ0,K1,K2, σ
0
1 , σ

0
2) = 0.

Perturbations with wavelength below acr are stable in the sense that they will be eliminated
by diffusion, i. e. the amplitude of initial perturbation will be decreased with the time.

Fig. 2. Dependence of normalized amplitude change on perturbation wavelength
for Ms = 6.099 N/m (a) and Ms = 60.99 N/m (b)

1 — r = 0; 2 — r = 0.1; 3 — r = 0.3.
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To analyze the stability of curved interface in heteroepitaxial system, we consider
the aluminum substrate with the elastic constants λ2 = 58.17 GPa and μ2 = 26.13 GPa
covered by an arbitrary metal coating with the shear modulus μ1 = rμ2 and with the
thickness that is much greater than the interface undulation wavelength. Due to the fact
that we consider the metal-on-metal system, the Poisson’s ratios are assumed to be equal
ν1 = ν2 = 0.345. Figure 2 shows the dependence of normalized amplitude change on
perturbation wavelength for γ0 = 1 N/m, σ0

2 = 1 GPa, diffusion ratio K = K1/K2 = 1
and different stiffness ratios r = {0, 0.1, 0.3}. The intersection of lines with abscissa gives
the critical wavelength values acr.

4. Conclusion. This paper contains the further development of the theoretical
methods for studying the formation of topological defects on free and interfacial surfaces of
composite materials [5, 15]. Based on thermodynamics and solid mechanics framework, we
derived the equation which describes the change of perturbation amplitude with time.
Considering the metal-on-metal interface, it was found that the critical perturbation
wavelength increases with increasing stiffness ratio r and interface stiffness Ms. The
considered problem can be reduced to a problem of morphological instability of stressed
solid surface presented in [15] by equating r = 0. The solutions of both problems are found
to be in good agreement.
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Анализ устойчивости наноструктурированной межфазной
границы биматериала∗
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Для цитирования: Shuvalov G.M., Kostyrko S. A. Stability analysis of nanopatterned
bimaterial interface // Вестник Санкт-Петербургского университета. Прикладная матема-
тика. Информатика. Процессы управления. 2021. Т. 17. Вып. 1. С. 97–104.
https://doi.org/10.21638/11701/spbu10.2021.109

В статье показано, что наноструктурированная межфазная граница биматериала
неустойчива из-за диффузионного потока атомов вдоль нее. Основная цель исследо-
вания — определить условия, при которых будет наблюдаться морфологическая устой-
чивость межфазной границы. Для этого с использованием уравнений термодинами-
ки и теории упругости была разработана соответствующая модель. Согласно теории
поверхностной упругости Гертина—Мердока межфазная область рассматривается как
пренебрежимо тонкий слой с упругими свойствами, отличными от свойств объемных
материалов. Скорость роста рельефа межфазной поверхности обусловлена изменением
химического потенциала вдоль нее, который, в свою очередь, зависит от межфазных
и объемных напряжений. Распределение напряжений вдоль межфазной границы нахо-
дится из решения плоской задачи теории упругости в условиях плоской деформации.
После этого выводится линеаризованное эволюционное уравнение, которое описывает
изменение амплитуды искривления межфазной границы со временем.
Ключевые слова: метод возмущений, эволюционное уравнение, диффузия вдоль грани-
цы раздела, межфазное напряжение.
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