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�� Y82620/2� 6 :B<=>9L;A KBP>=; KB<<DB=K8@B;=<9 >C8: 8I @>ID>O:HM <S;:B�
K8;@ �@>7QS88 ?>N;K;:=:HM ?8:;=8F;<?8M <=KE?=EK v:;78:;A:H; 7;:NDQK>@<?8; @>7�
:H ?>:;F:>A BDG78=ECHq �7;?=K>::H; CHK?8 8 =) C)wq @>I:8?BQL8M @ <7BP><=>7?:>@8�
=;7V:>A DB?<@;77>@<?>A G7BID;) �B::B9 IBCBFB GK;C<=B@79;= 8:=;K;< ?B? � =>F?8
IK;:89 KBI@8=89 ?>77;?=8@:HM D;=>C>@ E<?>K;:89q =B? 8 D:>N>F8<7;::HM ;<=;<=@;:�
:HM GK87>O;:8A v<D)q :BGK8D;Kq r*t*1sw) 6 P;<<=>7?:>@8=;7V:HM 878 <7BP><=>7?:>�
@8=;7V:HM G7BID;::HM <K;CBM >PKBI>@B:8; 8 KBI@8=8; =B?8M <=KE?=EK >GK;C;79;=<9
MBKB?=;K>D @IB8D>C;A<=@89 @>7: < FB<=8SBD8) 6 FB<=:><=8q >=@;=<=@;::>; IB �=8 GK>�
S;<<H IB=EMB:8; �B:CBE D>O:> =KB?=>@B=V rJq .s ?B? RBI>@>; G;K;D;_8@B:8; :;IB�
=EMBQL8M <>P<=@;::HM D>C 6B:��BDG;:B r**q *0sq ?>=>KH;q @ <@>Q >F;K;CVq D>O:>
KB<<DB=K8@B=V ?B? ����D>CH @ 78:;A:>D GK;C;7; r*Js)

3C:B?> 78:;A:B9 =;>K89 P;<<=>7?:>@8=;7V:>N> IB=EMB:89 <GKB@;C78@B =>7V?>
C79 @K;D;: t � τr = ( me

eΦ0k2
)1/2q NC; k % @>7:>@>; F8<7>q Φ0 % BDG78=ECB G>=;:�

S8B7B �7;?=K8F;<?>N> G>79) �79 P>7V_8M @K;D;: vt
 τrw <7;CE;= EF8=H@B=V IBM@B=
�7;?=K>:>@ @ G>=;:S8B7V:EQ 9DE @>7:H ?>:;F:>A BDG78=ECH rJq *.sq F=> C;7B;= IB�
CBFE <EL;<=@;::> :;78:;A:>A) � =>DE O; C79 P>7V_8M @K;D;: :B C8:BD8?E IBM@B=B
C>7O:H >?BIH@B=V @789:8; KBI78F:H; <=>7?:>@8=;7V:H; GK>S;<<H) �BGK8D;Kq ;<78
G7BIDB <>C;KO8= :;A=KB7V:H; FB<=8SHq => C79 @K;D;: t ∼ ν−1 vν % FB<=>=B <=>7?:>�

∗ �LIQEL w��QKFCFL �JG PGFLFDQwQv �QMMCJ�HC �GFGDECJDEwL FLtHG G w�D�CuQ QIJL{QwLFGN
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@;:8A �7;?=K>:>@ < :;A=KB7V:HD8 FB<=8SBD8w GK8C;=<9 =B?O; EF8=H@B=V <>ECBK;:89
�7;?=K>:>@ < :;A=KB7V:HD8 FB<=8SBD8)

�>�=>DE 8:=;K;<:> >C:>@K;D;::> KB<<D>=K;=V K;I>:B:<:H; 8 C8<<8GB=8@:H;
GK>S;<<H @ :;78:;A:>D K;O8D;q ?B? PH7> GK>C;7B:> @ r*Tq *Xs) �B<=>9LB9 KBP>=B
GK;C<=B@79;= <>P>A G>GH=?E G>C>A=8 ? K;_;:8Q CB::>A IBCBF8)

 � Z5A1:058B: 3:6:E/� �B<<D>=K8D ?>:=8:EED @IB8D>C;A<=@EQL8M FB<=8S <
G>=;:S8B7>D GBK:>N> @IB8D>C;A<=@89 K(r, r′) @P78I8 ?B? KB@:>@;<:HMq =B? 8 <EL;�
<=@;::> :;KB@:>@;<:HM <><=>9:8A) �K;CG>7>O8Dq F=> 8>:H >PKBIEQ= :;G>C@8O:HA
>C:>K>C:HA R>:) �8:BD8?B =B?>A <8<=;DH >GK;C;79;=<9 ?8:;=8F;<?8D EKB@:;:8;D

∂f

∂t
+ v · ∇f +

F

m
· ∂f
∂v

= Ic, v*w

IC;<V f % RE:?S89 KB<GK;C;7;:89 �7;?=K>:>@z F % <87Bq C;A<=@EQLB9 :B FB<=8SE
< DB<<>Am) �:=;NKB7 <=>7?:>@;:8A Ic IBG8<B: @ R>KD; �MB=:BNBKB%�K><<B%�KE?Bx

Ic = −ν(f − fe), v0w

NC; fe % KB@:>@;<:B9 RE:?S89 KB<GK;C;7;:89 �7;?=K>:>@) �B? >=D;FB7><V @H_;q
C79 GK><=>=H IC;<V DH >NKB:8F8@B;D<9 KB<<D>=K;:8;D <7EFB9 =>7V?> <=>7?:>@;:8A
�7;?=K>:>@ < :;A=KB7V:HD8 FB<=8SBD8 < FB<=>=>A ν = ��"��) �K;CG>7BNB;=<9q F=>
@IB8D>C;A<=@8; D;OCE FB<=8SBD8 IB@8<8= =>7V?> >= KB<<=>9:89 D;OCE FB<=8SBD8
|r− r′|q G>�=>DE <87E F D>O:> IBG8<B=V F;K;I <?B79K:HA G>=;:S8B7 Φ = Φ(t, r) @ @8C;

F = −∇Φ.

3: >GK;C;79;=<9 @HKBO;:8;D

Φ(t, r) =

∫
K(|r− r′|)f(t, r′,v′)dr′dv′ +Π(t, r), vJw

@ ?>=>K>; @@;C;:B RE:?S89 Π(t, r)q >=KBOBQLB9 C;A<=@8; @:;_:8M �7;?=K8F;<?8M 8
DBN:8=:HM G>7;A) 6 GK>S;<<; KBP>=H PEC;D KB<<DB=K8@B=V <>P<=@;::EQ C8:BD8?E
G7BID;::>A <K;CH @ >=<E=<=@8; @:;_:8M <87q G>=>DE @ KBD?BM IBCBF8 Π(t, r) ≡ 0)

Z7;CE9 r*^q *,sq FB<=:>; K;_;:8; <8<=;DH v*wtvJw D>O:> GK;C<=B@8=V ?B? ?>:;F�
:HA K9C r*+sx

f(t, r,v) =
L∑
k=0

[
e−νtDkW0(v) +

C0

T k
e−(v−V)2/2T

]
Φk

k!
, v.w

B KB@:>@;<:EQ RE:?S8Q KB<GK;C;7;:89 <7;CEQL8D >PKBI>Dx

fe(t, r,v) =

L∑
k=0

Ck exp

[
− (v −V)2

2T

]
Φk. vTw

{ v.w 8 vTw C0 % GK>8I@>7V:B9 G><=>9::B9q V % G><=>9::B9 <?>K><=V CK;ARBq ?>:�
<=B:=B T > 0 8D;;= <DH<7 =;DG;KB=EKHq >G;KB=>K D >GK;C;79;=<9 @HKBO;:8;D

D =
V − v

(V − v)2
∇v,
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B ?>:<=B:=H Ck <@9IB:H >=:>_;:8;D

Ck+1 =
Ck

(k + 1)T
.

2E:?S89 W0(v) >G8<H@B;= G;K;KB<GK;C;7;:8; FB<=8S @ GK><=KB:<=@; <?>K><=;A) U=>
D>O;= PH=V ?B? KB@:>@;<:HDq =B? 8 :;KB@:>@;<:HD GK>S;<<>Dq GK>8<M>C9L8D @ KB<�
<DB=K8@B;D>A <8<=;D;q :> W0(v) C>7O:B >P;<G;F8@B=V ?>:;F:><=V D>D;:=>@ 8<?>D>A
RE:?S88 KB<GK;C;7;:89 8 G>=;:S8B7B Φq ?>=>KHA C79 Π = 0 GK8 G>C<=B:>@?; v.w
@ vJw IBCB;=<9 EKB@:;:8;D

Φ(t, r) =

L∑
k=0

+∞∫
−∞

K(| r− r′ |)
k!

[
C +Dke

−νt]Φk(t, r′)dr′. vXw

6 vXw C = C0(2πT )
3/2q B @;78F8:B Dk >GK;C;79;=<9 <>>=:>_;:8;D

Dk =

∞∫
−∞

DkW0(v)dv.

$� =5B:DU05�@:80582A0FM 4@262D� 6 ?BF;<=@; GK><=;A_;N>q :> <>C;KOB=;7V�
:>N> <7EFB9q ? =>DE O; C;D>:<=K8KEQL;N> ?>KK;?=:><=V 8<G>7VIE;D>N> G>CM>CBq
@>IVD;D W0 DB?<@;77>@<?>N> =8GBx

W0(v) =
1

(2πθ)3/2
exp

[
− (v −V)2

2θ

]
, v^w

NC; ?>:<=B:=B θ > 0 8NKB;= K>7V @=>K>A =;DG;KB=EKH) �B<<D>=K8D <7EFBA L → ∞q
?>NCB v.w <@>C8=<9 ? EKB@:;:8Q

f(t, r,v) =
1

(2πθ)3/2
e−νt exp

[
− (v −V)2

2θ
+

Φ

θ

]
+

+
1

(2πT )3/2
exp

[
− (v −V)2

2T
+

Φ

T

]
.

�K8 �=>D vXw GK8D;= <7;CEQL8A @8Cx

Φ(t, r) = e−νt
+∞∫

−∞
K(| r− r′ |) exp(Φ/θ)dr′ + C

+∞∫
−∞

K(| r− r′ |) exp(Φ/T )dr′. v,w

�;78:;A:>; 8:=;NKB7V:>; EKB@:;:8; v,w C>GE<?B;= GK><=KB:<=@;::> >C:>K>C:>;
K;_;:8;) �>C<=B@8@ Φ0 = Φ0(t) @ v,wq G>7EF8D EKB@:;:8;

Φ0 = γ
(
e−νt+Φ0/θ + CeΦ0/T

)
, v+w

NC;

γ =

+∞∫
−∞

K(|r− r′|)dr′ <∞.
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6 >PL;D <7EFB; CB::>; :;78:;A:>; B7N;PKB8F;<?>; EKB@:;:8; >GK;C;79;= C@EM=;D�
G;KB=EK:>; KB<GK;C;7;:8; C79 θ �= T ) 6 GK;C;7; θ → T <>>=:>_;:8; v,w G;K;M>C8=
@ >PHF:>; 7>?B7V:>�KB@:>@;<:>; KB<GK;C;7;:8;)

�B<<D>=K8D �=>= GK;C;7V:HA <7EFBA GK8 |Φ0|
T � 1q ?>NCB D>O:> >NKB:8F8=V<9

=>7V?> 78:;A:HD GK8P78O;:8;D @ KBI7>O;:88 <>>=@;=<=@EQL8M �?<G>:;:S8B7V:HM
F7;:>@ @ v+w) �>NCBq G>7>O8@ θ = T q 8I v+w :BM>C8Dq F=>

Φ0 =
γ(e−νt + C)

1− γ(e−νt + C)/T
. v*1w

Z>>=:>_;:8; v*1w GK8 νt→∞ G;K;M>C8= @ <>>=@;=<=@EQL;; <=BS8>:BK:>; <><=>9:8;q
>GK;C;79;D>; @8C>D G>=;:S8B7B @IB8D>C;A<=@89 F;K;I ?>:<=B:=E γ) �B? 8 >O8CB7><Vq
@ <7EFB; 7>?B7V:>�KB@:>@;<:>N> KB<GK;C;7;:89 @:; IB@8<8D><=8 >= =8GB D;OFB<=8F�
:>N> G>=;:S8B7B K(r, r′) IB @K;D;:B G>K9C?B ν−1 <8<=;DB GK8M>C8= @ KB@:>@;<:>;
<><=>9:8;) 3C:B?> CBO; @ =B?>D <7EFB; @>ID>O:B :;=K8@8B7V:B9 C8:BD8?B <8<=;DH)

W=>PH 8<<7;C>@B=V C8:BD8?E <8<=;DH @P78I8 �=>N> 7>?B7V:>�KB@:>@;<:>N> <>�
<=>9:89q GK;C<=B@8D G>=;:S8B7 @ @8C; <EDDH KB@:>@;<:>N> G>=;:S8B7B v*1w 8 ;N>
@>IDEL;:89x

Φ = Φ0 + δΦ.

�>C<=B@8@ CB::>; <>>=:>_;:8; @ v,wq G>7EF8D @HKBO;:8;

δΦ− eΦ0/T

T

(
e−νt + C

) +∞∫
−∞

K(| r− r′ |)δΦ(r′)dr′ = 0. v**w

�K>B:B78I8KE;D G>@;C;:8; >G8<H@B;D>A <8<=;DH @ GK;C;7; νt → ∞q ?>NCB v**w C>�
GE<?B;= <=BS8>:BK:>; K;_;:8; @8CB

δΦ = Aeikr. v*0w

�>C<=B@8@ v*0w @ v**wq :BM>C8Dq F=>

1− λ
+∞∫

−∞
K(| r− r′ |) exp(−ik(r− r′))dr′ = 0. v*Jw

6 v*Jw @@;C;: GBKBD;=K

λ(T,C) =
C exp(Φ0/T )

T
.

�:=;NKB7

J =

+∞∫
−∞

K(| r− r′ |) exp(−ik(r− r′))dr′

D>O:> GK;>PKBI>@B=V ? @8CE

J =
∞∫
0

π∫
0

2π∫
0

K(ρ) exp [−ikρ cos(ϑ)] ρ2 sin(ϑ)dϕdϑdρ =

= 4π
k

+∞∫
0

K(ρ)ρ sin(kρ)dρ.
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6 K;IE7V=B=; G>7EF8D C8<G;K<8>::>; <>>=:>_;:8; r01s

1− 4πλ

k

+∞∫
0

K(ρ)ρ sin(kρ)dρ = 0, v*.w

G>I@>79QL;; >GK;C;78=V KBID;K 8 =8G >PKBIEQL8M<9 <=KE?=EK @ IB@8<8D><=8 >= <>>=�
:>_;:89 GBKBD;=K>@ Φ0, T, Cq B =B?O; 9CKB D;OFB<=8F:>N> @IB8D>C;A<=@89 K(r, r′))

�B?q @ <7EFB; G>=;:S8B7B �?B@H 9CK> GBK:>N> @IB8D>C;A<=@89 >GK;C;79;=<9
@HKBO;:8;D

K(r, r′) =
μ

|r− r′| exp(−q|r− r′|), v*Tw

NC; ?>:<=B:=H μ 8 q IB@8<9= >= =8GB @IB8D>C;A<=@89 v@IB8D>C;A<=@8; BCK>:>@ 878
�?KB:8K>@B::>; ?E7>:>@<?>; G>7;w) �I v*.w :BM>C8D EKB@:;:8;

1− 4πλμ

k2 + q2
= 0,

?>=>K>; 8D;;= C;A<=@8=;7V:H; ?>K:8q ;<78 @HG>7:9;=<9 <>>=:>_;:8; 4πλμ � q2q
B GK><=KB:<=@;::HA DB<_=BP @>I:8?BQL;A <=KE?=EKH >GK;C;79;=<9 @ @8C; k−1 =
(4πλμ− q2) 1

2 8 IBCB;=<9 @M>C9L8D8 @ λ :BFB7V:HD8 MBKB?=;K8<=8?BD8 8 GBKBD;=KB�
D8 @IB8D>C;A<=@89 μ, q)

%� [:BD\E20/2� 6 :B<=>9L;A KBP>=; 8<<7;C>@B7><V >C:>@K;D;::>; @789:8;
K;I>:B:<:HM 8 C8<<8GB=8@:HM GK>S;<<>@ :B R>KD8K>@B:8; :;78:;A:HM <=KE?=EK
@P78I8 7>?B7V:>�KB@:>@;<:>N> <><=>9:89 <7BP><=>7?:>@8=;7V:>A G7BIDH) 3G8<B:�
:HA FB<=:HA <7EFBA % R>KD8K>@B:8; >C:>=;DG;KB=EK:>N> KB<GK;C;7;:89 DB?<@;7�
7>@<?>N> =8GB :B P>7V_8M @K;D;:BM % >=:><8=<9 ? GK><=;A_8D @BK8B:=BD �@>7QS88
GK;C7>O;::>A D>C;78) 3C:B?> GK8@;C;::HA GK8D;K G>?BIH@B;=q ?B? 8I >C:>K>C:>N>
<><=>9:89q P7BN>CBK9 ?>77;?=8@:>DE @IB8D>C;A<=@8Qq D>O;= @>I:8?:E=V GK><=KB:�
<=@;::> :;>C:>K>C:B9 <=KE?=EKB) U=8 K;IE7V=B=H ?B? G> R>KD;q =B? G> <@>;DE R8�
I8F;<?>DE <>C;KOB:8Q P78I?8 ? G>7EF;::HD @ KBP>=BM G> C8:BD8?; �7;?=K>::HM
CHK>? @ DB?<@;77>@<?>A G7BID; r.q ^sq NC; @>IPEOCB;=<9 <>78=>:>G>C>P:HA G>=;:�
S8B7) �K8:8DB9 @> @:8DB:8; @H<>?EQ FE@<=@8=;7V:><=V KB<<DB=K8@B;D>A D>C;78
? @>IDEL;:89D @ :BFB7V:HM E<7>@89Mq D>O:> <C;7B=V @H@>Cq F=> <EL;<=@E;= :;P>7V�
_>A 8:=;K@B7 GBKBD;=K>@ <8<=;DHq @ ?>=>K>D D>O:> E@8C;=V K;B7V:> >G8<H@B;DHA
�RR;?=) �B?O; <7;CE;= >=D;=8=Vq F=> GK8 q 
 1 G>=;:S8B7 v*Tw G;K;M>C8= @ D>C;7V
=@;KCHM _BK>@q >G8<H@BQLEQ <=>7?:>@;:8; :;A=KB7V:HM FB<=8Sq @ KBD?BM ?>=>K>A
R>KD8K>@B:8; EG>K9C>F;::HM C8:BD8F;<?8M <=KE?=EK @ DB?<@;77>@<?>A G7BID; DB�
7>@;K>9=:>)

�K;C7>O;::B9 D;=>C8?B M>K>_> GK8D;:8DB @ <7EFB; <R;K8F;<?>A <8DD;=K8F�
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