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0.0 �CDEFGH �
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�>?BO;Dq F=> 8I <8<=;DH EKB@:;:8A v+wtv*0w <7;CE;= 8I>=;KD8F:><=V GK>S;<<>@
GK8 @HG>7:;:88 <7;CEQL8M C@EM E<7>@8Ax

p c0ρu
2 −→ dp

dz
= −c1ρu2, v*^w

Z(p, T ) = ��"�� = Z∗. v*,w

�;A<=@8=;7V:>q GK8 E<7>@88 v*,w G;K@>; <7BNB;D>; @ GKB@>A FB<=8 =;G7>@>N> EKB@:;�
:89 v**w KB@:>

c2T
∂

∂T

(
1

ρ

)
p

dp

dz
=
c2
ρ

dp

dz
. v*+w

6=>K>; <7BNB;D>; @ GKB@>A FB<=8 =;G7>@>N> EKB@:;:89 v**w < EF;=>D EGK>L;::>N>
EKB@:;:89 C@8O;:89 v*^w 8 KB@;:<=@B c3/c1 = c2 v*Xw GK;>PKBIE;=<9 ? @8CE

c3u
2 =

(
− c3
c1ρ

)(−c1ρu2) = −c2
ρ

dp

dz
. v01w

�I KB@;:<=@ v*+wq v01w <7;CE;= KB@;:<=@> :E7Q GKB@>A FB<=8 =;G7>@>N> EKB@:;:89
v**wq F=> C>?BIH@B;= 8I>=;KD8F:><=V GK>S;<<>@x

dT

dz
= 0 −→ T = ��"�� = T

∣∣∣
z=0

= 1.

�K8 @HG>7:;:88 E<7>@8A v*^wq v*,w <8<=;DB EKB@:;:8A v+wtv*0w �?@8@B7;:=:B <7;CEQ�
L;A P;IKBID;K:>A 8I>=;KD8F;<?>A <562D/ ��`⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρu = 1,
dp

dz
= −c1ρu2,

p = ρ
Z∗
Zx

,

p
∣∣∣
z=0

= 1, T = ��"�� = 1.

�KB@B9 FB<=V EKB@:;:89 C@8O;:89 @ D>C;78 bb GK;>PKBIE;=<9 < EF;=>D EKB@:;:89
:;KBIKH@:><=8 8 EKB@:;:89 <><=>9:89 <7;CEQL8D >PKBI>Dx

−c1ρu2 = −c1
ρ

= −c1Z∗
Zx

1

p
,

F=> G>I@>79;= IBG8<B=V EKB@:;:8; C@8O;:89 @ @8C;

dp

dz
= −c4 1

p
, v0*w

c4 = c0Z∗, c0 =

(
Q0

S

)2
λL

4R

RgTx
p2x

.

�8RR;K;:S8B7V:>; EKB@:;:8; v0*w 7;N?> 8:=;NK8KE;=<9) �K8 NKB:8F:>D E<7>@88 D>�
C;78 bb �=> GK8@>C8= ? <7;CEQL;A IB@8<8D><=8 P;IKBID;K:>N> CB@7;:89 >= P;IKBI�
D;K:>A ?>>KC8:B=H zx

p(z) =
(
1− 2 c4z

)1/2
. v00w
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�K>@;C;::>; 8<<7;C>@B:8; G>?BIB7>q F=> @;78F8:E �RR;?=8@:>N> G><=>9::>N>
?>�RR8S8;:=B <O8DB;D><=8 Z∗ S;7;<>>PKBI:> >GK;C;79=V 8I =K;P>@B:89 KB@;:<=@B

CB@7;:89 p
∣∣∣
z=1

q KB<<F8=B::>N> G> R>KDE7; v00w GK8 z = 1q 8 CB@7;:89 p1q KB@:>N>

p1 = pL/px,

IC;<V pL % KBID;K:>; �?<G;K8D;:=B7V:>; CB@7;:8; :B @HM>C; =KEP>GK>@>CB @ _=B=�
:>D K;O8D; =KB:<G>K=8K>@?8 vP;I E=;F?8 NBIBw) �BAC;::B9 =B?8D >PKBI>D @;78F8:B
Z∗ KB@:B

Z∗ =
1− p21
2 c0

. v0Jw

�B<F;=H GK>@>C878<V C79 KBI:HM :BP>K>@ GBKBD;=K>@ D>C;78 b) 6 ?BF;<=@; GK8�
D;KB GK8@;C;:H K;IE7V=B=H KB<F;=B C79 <7;CEQL;N> =;<=>@>N> :BP>KB GBKBD;=K>@x

R = 0.5 D, Q0 = 450 ?N�<, L = 50 ?D, λ = 0.0087,

p0 = 75 B=D, T0 = 313.15 &, Rg = 493.5 �O�v?N·&w,
Tc = 193.7 &, pc = 45.4 B=D.

v0.w

�>�RR8S8;:= EC;7V:>A =;G7>;D?><=8 cp NBI>@>A <D;<8 KB<<F8=H@B7<9 G> R>KDE7;
vTwq G><7; F;N> >GK;C;797><V ;N> <K;C:;; I:BF;:8; @ 8<<7;CE;D>D C8BGBI>:; 8ID;:;�
:8A p 8 T r*.s) 6;78F8:H GBKBD;=K>@ Rgq Tcq pc @ :BP>K; v0.w <>>=@;=<=@EQ= <D;<8
NBI>@q <>C;KOBL;A +T)X� D;=B:Bq <><=B@ <D;<8 8 MBKB?=;K8<=8?8 ;; ?>DG>:;:= GK8�
@;C;:H @ ?:8N; r*Js) v6 :BP>K; v0.w GK;C<=B@7;:H >?KEN7;::H; I:BF;:89 GBKBD;=K>@q
?K>D; =>N>q CB@7;:8; E?BIB:> @ B=D><R;KBMq C78:B =KEP>GK>@>CB % @ ?87>D;=KBM)
6 KB<F;=BM �=8 GBKBD;=KH IBCB@B78<V @ <8<=;D; Z� 8 < P>7V_>A =>F:><=VQ)w

Z8<=;DB EKB@:;:8A >PL;A D>C;78 b K;_B7B<V F8<7;::> D;=>C>D �E:N;%�E==H
J�N> G>K9C?B =>F:><=8) �BID;K:>; CB@7;:8;q KB<<F8=B::>; G> D>C;78 bq >P>I:BF;:>
P�q B=Dq B G> 8I>=;KD8F;<?>A D>C;78 bb vR>KDE7B v00ww % P� vP� = p(z) pxw) �K8 KB<�
F;=; �RR;?=8@:>N> G><=>9::>N> ?>�RR8S8;:=B <O8DB;D><=8 Z∗ v0Jw 8I�IB >=<E=<=@89
�?<G;K8D;:=B7V:HM CB::HM @ ?BF;<=@; �?<G;K8D;:=B7V:>N> CB@7;:89 pL 8<G>7VI>@B�

7><V KBID;K:>; CB@7;:8; P�

∣∣∣
L
:B @HM>C; 8I =KEP>GK>@>CBq :BAC;::>; G> D>C;78 b)

6 =BP7) * C79 :BP>KB GBKBD;=K>@ v0.w GK8@;C;:H K;IE7V=B=H KB<F;=B CB@7;:8A
P� 8 P�q B =B?O; BP<>7Q=:H; @;78F8:H 8M KBI:><=8)

3(D-G%( <� 6�78�494�4��4 9���4��� � :�����; �4<�;4

z+ HO P�+ LEO P�+ LEO |P� − P�|+ LEO
�0 ,;�1Z�1 ,;�1Z;, 0�00�2
;0 B.�B0;, B.�B02, 0�00;0
10 BB�,2�� BB�,21, 0�00�.
20 B1�,Z1; B1�,Z22 0�00�;
2Z B;�;0Z1 B;�;0B0 0�000,
Z0 B0�B��0 B0�B��0 0�0000

YF856 ���B::H; =BP7) * <@8C;=;7V<=@EQ= > GKB@>D;K:><=8 8<G>7VI>@B:89 EGK>�
L;::>A D>C;78 bb C79 KB<F;=B CB@7;:89 @ IBCBFBMq @ ?>=>KHM =KB<<B GK>?7BC?8 NBI>�
GK>@>CB N>K8I>:=B7V:B9q β = 0q @HG>7:9;=<9 E<7>@8; v*^w 8 �RR;?=8@:HA ?>�RR8�
S8;:= <O8DB;D><=8 >GK;C;7;: KB@;:<=@>D v0Jw)

,� 9:A4@262D20/2 6:8D20/> 4@/ 0:D/E// ;12EB/ C:3:� �E<=V @ <;F;:88
=KEP>GK>@>CB < KBID;K:>A ?>>KC8:B=>A za GK>8<M>C8= <=BS8>:BK:B9 E=;F?B NBIB) �K8

0.. �CDEFGH �
I�� 
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>=<E=<=@88 E=;F?8 @ E<=B:>@8@_;D<9 K;O8D; :B @HM>C; 8I =KEP>GK>@>CB KB<M>C KB@;:
KB<M>CE Q0 :B @M>C;)

�K8 @>I:8?:>@;:88 E=;F?8 NBIB <GE<=9 :;?>=>K>; @K;D9 E<=B:B@78@B;=<9 :>@HA
<=BS8>:BK:HA K;O8Dq @ ?>=>K>D :B @HM>C; 8I =KEP>GK>@>CB CB@7;:8; 8 KB<M>C GK8:8�
DBQ= :>@H; I:BF;:89 PLq QL vPL > P 0

Lq QL < Q0wq GK8 �=>D @HG>7:9Q=<9 KB@;:<=@B

Q =

{
Q0, 0 � z � za,

QL, za < z � L.

�BI:><=V (Q0−QL) >GK;C;79;= 8:=;:<8@:><=V δQ E=;F?8 NBIB) 6;78F8:H PLq P
0
Lq QLq

Q0 KBID;K:H;)
�BAC;D KB<GK;C;7;:8; CB@7;:89 G> EGK>L;::>A D>C;78 bb GK8 IBCB::>A E=;F?;

NBIB) �E<=V P;IKBID;K:B9 ?>>KC8:B=B la D;<=B E=;F?8 NBIB !W$4?.*�) �KEP>GK>@>C
KBIP8@B;=<9 :B C@B EFB<=?Bx

X4 $Y: ,Z�?.#=T z ∈ [0, la]q $.# #: ,Z�?.#=T z ∈ [la, 1])

�B G;K@>D EFB<=?; CB@7;:8; p(z) KB<<F8=H@B;=<9 G> R>KDE7; v00w D>C;78 bbq @
FB<=:><=8 CB@7;:8; @ <;F;:88 < P;IKBID;K:>A ?>>KC8:B=>A la KB@:>

pa = p(la) = (1− 2 c4la)
1/2.

�B @=>K>D EFB<=?; CB@7;:8; p(z) KB<<F8=H@B;=<9 G> D>C;78 bb GK8 8ID;:8@_;A<9
@;78F8:; KB<M>CB NBIB Q = QL GK8 NKB:8F:>D E<7>@88

p
∣∣∣
z=la

= pa.

�:=;NK8K>@B:8; EKB@:;:89 C@8O;:89 D>C;78 bb :B @=>K>D EFB<=?; GK8@>C8= ? <7;�
CEQL;A IB@8<8D><=8 p(z)x

p(z) =
(
1− 2la(c4 − ca4)− 2ca4z

)1/2
, z ∈ [la, 1], v0Tw

IC;<V P;IKBID;K:HA ?>�RR8S8;:= ca4 KB@;:

ca4 = caZ∗, ca =

(
QL
S

)2
λL

4R

RgTx
p2x

.

6 =BP7) 0 GK8@;C;:H K;IE7V=B=H KB<F;=B CB@7;:89 :B @=>K>D EFB<=?; G> D>C;78 b 8 G>
EGK>L;::>A 8I>=;KD8F;<?>A D>C;78 bb C79 :BP>KB GBKBD;=K>@ v0.w GK8 E=;F?; NBIB
<K;C:;A 8:=;:<8@:><=8q KB@:>A δQ = 45 ?N�<q KB<G>7>O;::>A @ <;F;:88 < P;IKBID;K�
:>A ?>>KC8:B=>A la = 0.2) v6 =BP7) 0 GK8:9=H =; O; >P>I:BF;:89q F=> 8 @ =BP7) *)w

3(D-G%( =� 6�78�494�4��4 9���4��� �� �����; 5=�7�>4
8�� 5�4=>4 ?�@� � 74=4��� za = 10 >;

z+ HO P�+ LEO P�+ LEO |P� − P�|+ LEO
�Z ,��;Z�0 ,��;Z;Z 0�00�Z
;Z B��..�; B.�0000 0�00��
1Z BB�B,00 BB�B,0B 0�000B
2Z B2�;Z,2 B2�;Z,1 0�000�
Z0 B1�0�B, B1�0�Z. 0�000�
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�B::H; =BP7) 0 G>C=@;KOCBQ= @H@>C * 8 GK8 :B78F88 @ =KEP>GK>@>C; E=;F?8
NBIB <K;C:;A 8:=;:<8@:><=8)

K� 9:AE21 B55@6/0:1F <2A1: ;12EB/� �I B:B78=8F;<?>A R>KDE7H v0Tw C79
KB<GK;C;7;:89 CB@7;:89 :B @=>K>D EFB<=?; <7;CE;= GK><=B9 IB@8<8D><=V P;IKBID;K�
:>A ?>>KC8:B=H lAa D;<=B E=;F?8 NBIB >= CB@7;:89 pL 8 KB<M>CB QL :B @HM>C; 8I
=KEP>GK>@>CBx

lAa =
1− p21 − 2ca4
2(c4 − ca4)

, p1 = pL/px. v0Xw

�I�IB >=<E=<=@89 �?<G;K8D;:=B7V:HM CB::HM @ ?BF;<=@; �?<G;K8D;:=B7V:>N>
CB@7;:89 pL @ KB<F;=BM IBCB@B7><V KBID;K:>; CB@7;:8; :B @HM>C;q :BAC;::>; G> D>�
C;78 b GK8 IBCB::>A E=;F?; NBIB) 6 =BP7) J GK8@;C;:H K;IE7V=B=H KB<F;=B ?>>KC8:B=H
lAa D;<=B E=;F?8 NBIB G> R>KDE7; v0Xw C79 :BP>KB GBKBD;=K>@ v0.w GK8 8:=;:<8@:><=8
E=;F?8 δQ = 45 ?N�<)

3(D-G%( >� 6�7=4� >���9����A ;47�� 5�4=>� ?�@�

la lAa δla = |la − lAa | δza+ O
0�; 0��..,;1 0�000;,, �1��Z
0�2 0�1..,,2 0�000;;B ���10
0�B 0�Z..�12 0�000�BZ ��;�
0�� 0�,...0� 0�0000.; 2�Z.
0�. 0��...Z� 0�00002� ;�2;

6 =BP7) J la % 8<=8::>; I:BF;:8; P;IKBID;K:>A ?>>KC8:B=H D;<=B E=;F?8q δza =
|la − lAa | · L % D>CE7V BP<>7Q=:>A G>NK;_:><=8 KB<F;=B KBID;K:>A ?>>KC8:B=H D;<=B
E=;F?8 v@ D;=KBMw)

YF856  � �K>@;C;::>; F8<7;::>; 8<<7;C>@B:8;q FB<=V 8I ?>=>K>N> GK;C<=B@7;:B
@ =BP7) Jq <@8C;=;7V<=@E;= > C>GE<=8D><=8 8<G>7VI>@B:89 EGK>L;::>A 8I>=;KD8F;�
<?>A D>C;78 bb 8 <7;CEQL;A 8I :;; GK><=>A R>KDE7H v0Xw C79 KB<F;=B ?>>KC8:B=H
D;<=B E=;F?8 NBIB <K;C:;A 8:=;:<8@:><=8 GK8 @HG>7:;:88 E<7>@8A c0 � 1q β = 0q
Z = Z∗q =KB<<B N>K8I>:=B7V:B9)

L� 9:AE21 @:A4@262D20/> 12<42@:1;@F� �B? <7;CE;= 8I KB<F;=>@ G> >P�
L;A D>C;78 bq GK8 :BP>K; GBKBD;=K>@ v0.w C79 N>K8I>:=B7V:>N> =;G7>8I>78K>@B::>N>
vβ = 0w =KEP>GK>@>CB =;DG;KB=EKB NBIB 8ID;:9;=<9 GK8D;K:> :B 5 ◦hq =) ;) :; 9@79;=<9
G><=>9::>A) �B@7;:8;q KB<<F8=B::>; G> EGK>L;::>A 8I>=;KD8F;<?>A D>C;78 bbq ?B?
G>?BIB:> @H_;q P78I?> ? G>7EF;::>DE G> :;8I>=;KD8F;<?>A D>C;78 b) U=> <@8C;=;7V�
<=@E;= > =>Dq F=> :;P>7V_8; 8ID;:;:89 =;DG;KB=EKH GKB?=8F;<?8 :; <?BIH@BQ=<9 :B
G>@;C;:88 CB@7;:89 @ G>=>?; NBIB)

�79 KB<F;=B KB<GK;C;7;:89 =;DG;KB=EKH T (z) GK;C7BNB;=<9 <7;CEQL8A G>CM>Cx
KB<GK;C;7;:8; T (z) >GK;C;79;=<9 G> GK8@;C;::>DE :8O; EKB@:;:8Q <>MKB:;:89 G>7�
:>A �:;KN88q @ ?>=>K>D CB@7;:8; <F8=B;=<9 8I@;<=:HD 8I KB<F;=B G> EGK>L;::>A
8I>=;KD8F;<?>A D>C;78 bbq @ ?BF;<=@; EKB@:;:89 <><=>9:89 8<G>7VIE;=<9 EKB@:;:8;
<><=>9:89 v*0w < ?>�RR8S8;:=>D <O8DB;D><=8 �;K=7> v*Jw)

�B? 8I@;<=:> r^q *Jsq @ >PL;A D>C;78 b @D;<=> =;G7>@>N> EKB@:;:89 vJw D>O:>
8<G>7VI>@B=V EKB@:;:8; <>MKB:;:89 G>7:>A �:;KN88q ?>=>K>; C79 >C:>D;K:>N> E<=B�
:>@8@_;N><9 =;F;:89 NBIB v=) ;) @ KBD?BM D>C;78 bw IBG8<H@B;=<9 @ KBID;K:>D @8C;
<7;CEQL8D >PKBI>Dx

d

dz

(
ρuS

(
e+

p

ρ

))
= −2β(T − T ∗)

R
+ uρg cosα(z), v0^w
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JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



e = h− p

ρ
+
u2

2
,

IC;<V e % EC;7V:B9 G>7:B9 �:;KN89q h % EC;7V:B9 �:=B7VG89 NBIB)
�79 N>K8I>:=B7V:>A =KB<<H GK8 E<7>@88 =;G7>8I>79S88 vβ = 0w EKB@:;:8; �:;K�

N88 v0^w 8D;;= 8:=;NKB7x

e(z) +
p(z)

ρ(z)
= ��"�� =

(
e+

p

ρ

)
z=0

,

?>=>KHA @ =;KD8:BM EC;7V:>A �:=B7VG88 h D>O:> IBG8<B=V @ @8C;

h(z) +
u2(z)

2
= ��"�� =

(
h+

u2

2

)
z=0

. v0,w

]B@8<8D><=V �:=B7VG88 h >= KBID;K:HM @;78F8: CB@7;:89 p 8 =;DG;KB=EKH T D>O;=
PH=V GK;C<=B@7;:B <7;CEQL8D >PKBI>D r^q *Jsx

h = c0p(T − T 0) + J(p, T ), v0+w

J(p, T ) =

p∫
p0

(
1

ρ
− T ∂

∂T

(
1

ρ

)
p

)
dp.

]C;<V T 0q p0 % =;DG;KB=EKB 8 CB@7;:8;q GK8 ?>=>KHM KB<<DB=K8@B;DB9 NBI>@B9 <D;<V
@;C;= <;P9 ?B? <>@;K_;::HA NBI) ]B@8<8D><=V =;G7>;D?><=8 NBI>@>A <D;<8 >= =;D�
G;KB=EKH @ <><=>9:88 <>@;K_;::>N> NBIB D>O:> <F8=B=V 78:;A:>A @ 8<<7;CE;D>D
C8BGBI>:; 8ID;:;:89 =;DG;KB=EKH)

�;K;AC;D ? P;IKBID;K:>A R>KD;q 8<G>7VIE9 @@;C;::H; @H_; v,w MBKB?=;K:H;
@;78F8:H lx = Lq Tx = T0q px = p0) �K>D; =>N>q G>7>O8Dq F=>

T 0

Tx
= Tb,

p0

px
= pb.

Z>MKB:8D C79 P;IKBID;K:HM @;78F8: =; O; >P>I:BF;:89q F=> 8 C79 KBID;K:HM) h EF;�
=>D EKB@:;:89 <><=>9:89 v*0w IBG8_;D 8:=;NKB7 J @ v0+w @ =;KD8:BM P;IKBID;K:HM
@;78F8: pq T q pbq Jbx

J =
px
ρxZx

Jb, Jb =

p∫
pb

(
TZ(p, T )

p
− T ∂

∂T

(
TZ(p, T )

p

)
p

)
dp.

�>�RR8S8;:=
px
ρxZx

q ?B? :;=KEC:> @8C;=Vq KB@;:
px
ρxZx

= RgTx) �:=;NKB7 EKB@�

:;:89 �:;KN88 v0,w @ P;IKBID;K:>A R>KD; GK8D;= @8C

T − Tb + c5Jb + c6u
2 = c7, vJ1w

P;IKBID;K:H; ?>DG7;?<H c5tc7 KB@:H

c5 =
Rg
c0p
, c6 =

u2x
2 c0p Tx

, c7 = 1− Tb + c5Jb

∣∣∣
p=1, T=1

+ c6.
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T (z)− Tb + c5(p(z)− pb)
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a− 3b
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c0p
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(
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B(z) = 3c5b

(
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)
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z+ HO TI+
◦l TA+ ◦l δT = |TI − TA|+ ◦l
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