
�CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;

pq_ 3		�3���
. ` ����

���
�

��� ��c��

^0:D/3 ;4@5X200F7 <562D2M 1@:0A45@1/@58B/ C:3:�
9:AE21 <2A1545D5V20/> ;12EB/ C:3: 8 1@;N54@58562

/
 0
 �, -�.#$�� 1
 2
 +!*#( �)#$�� +
 %
 �34"454$

�LFHE	
CECJItJuDHGv uQDtMLJDEwCFF�v tFGwCJDGECE+ �QDDGvDHLN �CMCJLxGN+
�..012+ �LFHE	
CECJItJu+ 
FGwCJDGECEDHLN FLI�+ ,-.

��� �����������	 "#ED(S&'( I� C�) PG9&OE(7&'( !� 6�) "-0H0T0' P� 5� x=AI>T EQCGX:=&
=PY LGJ:I:W <CA=;QGC<>CGH?> FATA� [A;U:< L:;<GQGIG\:=>K E<:U?> FATA H <CEDGQCGHGJ: 11
9:;<=>? @A=?<&B:<:CDECF;?GFG E=>H:C;><:<A� BC>?IAJ=AK LA<:LA<>?A� M=NGCLA<>?A� BCG&
O:;;P EQCAHI:=>K� 	�		� R� �.� 9PQ� 	� @� 	
�/	�	�
�����011'�"���21���	�3
.1�����1��%����	�		�	��

BC:JIG\:= QGJYGJ ? EQCGX:==GLE CA;U:<E YACA?<:C>;<>? E;<A=GH>HZ:FG;K <:U:=>K FA&
TA QG <CEDGQCGHGJE� 9 e<GL QGJYGJ: JAHI:=>: CA;;U><PHA:<;K QG >TG<:CL>U:;?GW LGJ:&
I>� CA;U:< <:LQ:CA<ECP ;HGJ><;K ? C:Z:=>V ?ED>U:;?GFG ECAH=:=>K� BGIEU:=A QCG;<AK
A=AI><>U:;?AK TAH>;>LG;<S ?GGCJ>=A<P L:;<A E<:U?> FATA G< T=AU:=>W JAHI:=>K > CA;&
YGJA =A HPYGJ: >T <CEDGQCGHGJA� BC:J;<AHI:= C:TEIS<A< ;CAH=:=>K CA;U:<GH QG GDX:W
> EQCGX:==GW LGJ:IKL <:U:=>K FATA H <CEDAY� yQC:J:I:=P ?C><:C>W� QC> HPQGI=:=>>
?G<GCGFG JGQE;<>LG >;QGISTGHA=>: EQCGX:==GFG QGJYGJA ? CA;U:<E YACA?<:C>;<>? FATA�
> ?GGCJ>=A<P L:;<A E<:U?>� ]A QC>L:C:� QC:J;<AHIKVX:L QCA?<>U:;?>W >=<:C:;� QCG&
J:LG=;<C>CGHA=A HP;G?AK <GU=G;<S CA;U:<A QG QC:JIG\:==GLE QGJYGJE ?A? JAHI:=>K
> <:LQ:CA<ECP H QG<G?:� <A? > ?GGCJ>=A<P L:;<A E<:U?> FATA H <CEDGQCGHGJ:�

"-./0'10 2-&'(0 <:U:=>: QC>CGJ=GFG FATA� LA<:LA<>U:;?AK LGJ:IS� EQCGX:=>K� A=AI>&
<>U:;?>W CA;U:< JAHI:=>K� <:LQ:CA<ECP� ?GGCJ>=A<P L:;<A E<:U?>�

�� Y82620/2� �K8 =KB:<G>K=8K>@?; NBIB G> =KEP>GK>@>CBDq GK8 =;F;:88 NBIB
@ <?@BO8:BM @BO:> >P;<G;F8=V :BC;O:><=V 8 P;I>GB<:><=V 8M RE:?S8>:8K>@B:89q
G>�=>DE GK>P7;DB 7>?B78IBS88 D;<=B E=;F?8 NBIB PH7B 8 ><=B;=<9 B?=EB7V:>A) 
;�
=>CH >P:BKEO;:89 D;<=B E=;F?8 GK8:9=> KBIC;79=V :B @:;_:8; 8 @:E=K;::8; r*tJs)

� @:;_:8D D;=>CBD >=:><9=<9 ><D>=K =KEP>GK>@>CBq B?E<=8F;<?8; 8 >G=8F;<?8;
D;=>CH 8<<7;C>@B:89 <><=>9:89 =KEP>GK>@>CB) 3:8 @?7QFBQ= =B?O; D>:8=>K8:N
GK87;NBQL;A ? =KEP>GK>@>CE G>F@H 8 <GE=:8?>@EQ <�;D?E =KB<<H GK>?7BC?8 =KEP>�
GK>@>CB) Z G>D>LVQ @:;_:8M D;=>C>@ D>O:> >G;KB=8@:> 8 C><=B=>F:> =>F:> E<=B:>�
@8=V ?>>KC8:B=H D;<=Bq NC; GK>8<M>C8= E=;F?B NBIBq 8 >GK;C;78=V ;; KBID;K) 3C:B?>
�=8 D;=>CH =K;PEQ= E<=B:>@?8 8 >P<7EO8@B:89 C>K>N><=>9L;N> >P>KEC>@B:89q F=>
GK8@>C8= ? @H<>?8D �?<G7EB=BS8>::HD KB<M>CBD) 3PI>K B?E<=8F;<?8M 8 >G=8F;<?8M
D;=>C>@ GK8@;C;:q :BGK8D;Kq @ KBP>=BM r*q .q Ts)

6:E=K;::8; vD>C;7V:H;w D;=>CH PBI8KEQ=<9 :B DB=;DB=8F;<?8M D>C;79M =KB:<�
G>K=8K>@?8 NBIB 8 :B <>ICB::HM :B 8M PBI; @HF8<78=;7V:HM ?>DG7;?<BMq :BGK8D;K
rXt*.s) � :;C><=B=?E D>C;7V:HM D;=>C>@ >=:><8=<9 :;@>ID>O:><=V < 8M G>D>LVQ
>GK;C;78=V GK8F8:E E=;F?8q ?K>D; =>N>q 8M =KEC:> 8<G>7VI>@B=V GK8 :B78F88 P>�
7;; F;D >C:>A E=;F?8) �>7V_8D8 C><=>8:<=@BD8 D>C;7V:HM D;=>C>@ 9@79Q=<9 8M
�?>:>D8F:><=V 8 GK><=>=B K;B78IBS88)

�B<F;=E D;<=B E=;F?8 NBIB D;=>C>D D>C;78K>@B:89 G><@9L;:H D:>N>F8<7;::H;

=© �LFHE	
CECJItJuDHGv uQDtMLJDEwCFF�v tFGwCJDGECE+ ;0;;

>��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0;;�;0Z 0J+



GEP78?BS88q :BF8:B9 < KBP>= ^1�M N>C>@ }} @) r^s 8 @G7>=V C> :B<=>9L;N> @K;D;:8
vr*0t*.s 8 CK)w)

�<<7;C>@B:8; �RR;?=8@:><=8 B?E<=8F;<?8Mq >G=8F;<?8M 8 D>C;7V:HM D;=>C>@
>P:BKEO;:89 E=;F;? @ NBI>GK>@>CBM GK;C<=B@7;:> @ :;CB@:> @H_;C_;A <=B=V; r*Ts) �;
B@=>KH GK8M>C9= ? @H@>CEq F=> B?E<=8F;<?8; 8 >G=8F;<?8; D;=>CH @ <>F;=B:88 < D;=>�
C>D D>C;78K>@B:89 G>I@>79Q= :; =>7V?> >P:BKEO8=Vq >GK;C;78=V D;<=>:BM>OC;:8;
8 ?>78F;<=@;::> >S;:8=V E=;F?Eq :> 8 GK;C>=@KB=8=V ;;) �K;C<=B@79;= 8:=;K;< =B?O;
C>?7BC r.sq <C;7B::HA @ 01*+ N) :B ?>:R;K;:S88 -ac G> NBI>@HD 8 :;R=9:HD =;M:>�
7>N89D) 6 :;D :BK9CE < >PI>K>D KBP>= G> >P:BKEO;:8Q E=;F?8 NBIB GK8@;C;: >PI>K
KBP>= G> :>@HD =;:C;:S89Dq <@9IB::HD < GK8D;:;:8;D ?>:=K>7V:> 8ID;K8=;7V:HM
I>:C>@)

6 :B<=>9L;A KBP>=; 8IEF;:B @>ID>O:><=V 8<G>7VI>@B:89 >C:>A EGK>L;::>A D>�
C;78 =;F;:89 NBIB @ =KEPBM C79 KB<F;=B D;<=B E=;F?8 NBIB)

 � _562DU �� �79 D>C;78K>@B:89 :;8I>=;KD8F;<?>N> E<=B:>@8@_;N><9 =;F;:89
GK8K>C:>N> NBIB G> =KEP>GK>@>CBD :BF8:B9 < ^1�M N>C>@ }} @) r^s 8 C> :B<=>9L;�
N> @K;D;:8 r*.s E<G;_:> 8<G>7VIE;=<9 <7;CEQLB9 <KB@:8=;7V:> >PLB9 >C:>D;K:B9
<562DU �`

EKB@:;:8; :;KBIKH@:><=8
ρuS = Q0, v*w

EKB@:;:8; C@8O;:89 vPB7B:< 8DGE7V<Bw

d

dz
(p+ ρu2) = −λρu|u|

4R
+ ρg cosα(z), v0w

=;G7>@>; EKB@:;:8;

ρucp
dT

dz
= ρuT

(
∂V

∂T

)
p

dp

dz
+
λρu2|u|

4R
+ 2β

T ∗ − T
R

, vJw

EKB@:;:8; <><=>9:89

pV = RgTZ(p, T ), V = 1/ρ. v.w

6 <8<=;D; EKB@:;:8A v*wtv.w Z(p, T ) % ?>�RR8S8;:= <O8DB;D><=8 NBIBz V % EC;7V�
:HA >P�;D NBIBz Rg % NBI>@B9 G><=>9::B9q IB@8<9LB9 >= <><=B@B NBI>@>A <D;<8z zq
L % ?>>KC8:B=B @C>7V ><8 NBI>GK>@>CB 8 ;N> C78:Bz ρq pq T q u % G7>=:><=Vq CB@7;�
:8;q =;DG;KB=EKB 8 <?>K><=V NBIB <>>=@;=<=@;::>z Rq S % @:E=K;::8A KBC8E< 8 G7>�
LBCV G>G;K;F:>N> <;F;:89 NBI>GK>@>CB (S = πR2)z g % E<?>K;:8; <@>P>C:>N> GBC;:89z
α(z)% EN>7 D;OCE :BGKB@7;:8;D <87H =9O;<=8 8 ><VQ NBI>GK>@>CB @ z�D <;F;:88z λ%
?>�RR8S8;:= N8CKB@78F;<?>N> <>GK>=8@7;:89z β % <EDDBK:HA ?>�RR8S8;:= =;G7>�
G;K;CBF8z cp % ?>�RR8S8;:= EC;7V:>A =;G7>;D?><=8 NBI>@>A <D;<8 GK8 G><=>9::>D
CB@7;:88z Q0 % DB<<>@HA KB<M>C NBIBz T ∗ % =;DG;KB=EKB >?KEOBQL;A <K;CH)

6 >PL;D <7EFB; @;78F8:H λq cpq β 8 T ∗ D>NE= PH=V RE:?S89D8 ?>>KC8:B=H z)
hEDDBK:HA ?>�RR8S8;:= =;G7>G;K;CBF8 βq ?K>D; IB@8<8D><=8 >= zq 9@79;=<9 RE:?�
S8;A GBKBD;=K>@ ?>:<=KE?S88 NBI>GK>@>CBq ?>=>KB9 =B?O; D>O;= IB@8<;=V >= z) �C;?�
@B=:><=V DB=;DB=8F;<?>A D>C;78 v*wtv.w @> D:>N>D >GK;C;79;=<9 @HP>K>D IB@8<8D>�
<=8 ?>�RR8S8;:=B <O8DB;D><=8 Z(p, T ) >= CB@7;:89 8 =;DG;KB=EKH @ KB<<DB=K8�
@B;DHM E<7>@89M 8 @HP>K>D @;78F8: λq βq cp @ 8<<7;CE;D>D C8BGBI>:; 8ID;:;:8A
CB@7;:89q =;DG;KB=EKH 8 KB<M>CB NBIB) 6 ?:8N; r*Js G>CK>P:> KB<<D>=K;:H D;=>CH

0.1 �CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



KB<F;=B λ 8 βq @ KBP>=; r*Xs GK;C<=B@7;: B:B78I FE@<=@8=;7V:><=8 D>C;78 b ? 8ID;:;�
:8Q GBKBD;=K>@) �>�RR8S8;:= EC;7V:>A =;G7>;D?><=8 cp NBI>@>A <D;<8 GK8 @HPKB:�
:>D EKB@:;:88 <><=>9:89 v.w D>O;= PH=V KB<<F8=B: G> 8I@;<=:>A =;KD>C8:BD8F;<?>A
R>KDE7; r*^q *,s

cp(p, T ) = c0p(T )− T
p∫

p0

(
∂2V/∂T 2

)
p
dp vTw

78P> G> <>>=@;=<=@EQL8D �?<G;K8D;:=B7V:HD CB::HD) ]C;<V p0 % CB@7;:8;q KB@:>;
B=D><R;K:>DEq c0p(T ) % IB@8<8D><=V >= =;DG;KB=EKH ?>�RR8S8;:=B EC;7V:>A =;G7>�
;D?><=8 NBI>@>A <D;<8 GK8 G><=>9::>D CB@7;:88 p0 @ <><=>9:88 <>@;K_;::>N> NBIB)

Z8<=;DB EKB@:;:8A v*wtv.w C>G>7:9;=<9 NKB:8F:HD E<7>@8;D :B @M>C; @ =KEP>�
GK>@>Cx

z = 0, p = p0, T = T0. vXw


>C;7V b >M@B=H@B;= _8K>?8A ?KEN GKB?=8F;<?8M IBCBF) 3:B G>I@>79;= EF;<=V
:;8I>=;KD8F:><=V GK>S;<<>@q <7>O:EQ =;KD>C8:BD8?E NBI>@>A <D;<8q K;7V;R =KB<<Hq
E<7>@89 =;G7>>PD;:B < >?KEOBQL;A <K;C>A)

�K9DB9 IBCBFB <><=>8= @ KB<F;=; KB<GK;C;7;:8A CB@7;:89 p(z)q =;DG;KB=EKH
T (z)q G7>=:><=8 ρ(z) 8 <?>K><=8 u(z) NBIB G> <8<=;D; EKB@:;:8A v*wtv.w GK8 NKB:8F:>D
E<7>@88 vXw) �;_;:8; <8<=;DH EKB@:;:8A v*wtv.w @ _8K>?>D C8BGBI>:; 8ID;:;:8A p0q
T0q Q

0q Rq L <EL;<=@E;=q ;C8:<=@;::> 8 D>O;= PH=V G>7EF;:> F8<7;::>q :BGK8D;K
D;=>C>D �E:N; % �E==H r*.s)

�B<F;= ?>>KC8:B=H E=;F?8 NBIB D>O:> <R>KDE78K>@B=V ?B? >PKB=:EQ IBCBFE) �;
C><=>@;K:>; K;_;:8;q ?B? 8I@;<=:>q @>ID>O:> 78_V GK8 E<7>@88q F=> <>>=@;=<=@EQ�
LB9 GK9DB9 IBCBFB M>K>_> 8IEF;:B) 
>C;7V 8 B7N>K8=D K;_;:89 GK9D>A IBCBF8 > =;�
F;:88 <D;<8 NBI>@ G> GK>=9O;::>DE D>K<?>DE NBI>GK>@>CE GK8 @H<>?8M CB@7;:89M
GK8@;C;:Hq :BGK8D;Kq @ ?:8N; r*Jsq @ ?>=>K>A =B?O; CB:> K;_;:8; IBCBF8 8C;:=8R8�
?BS88 G> �?<G;K8D;:=B7V:HD CB::HD =KEC:>>GK;C;78DHM GBKBD;=K>@ D>C;78q =B?8M
?B? ?>�RR8S8;:= N8CKB@78F;<?>N> <>GK>=8@7;:89 8 <EDDBK:HA ?>�RR8S8;:= =;G7>�
G;K;CBF8) �;_;:8; �=>A IBCBF8 G>I@>79;= >P;<G;F8=V BC;?@B=:><=V DB=;DB=8F;<?>A
D>C;78 =;F;:89 NBIB @ K;B7V:HM E<7>@89M)

$� a@:8020/2 A5A15>0/> C:3585M A<2A/� 6 IBCBFBM >P:BKEO;:89 D;<=B E=;F�
?8 NBIB EC>P:> 8<G>7VI>@B=V @ ?BF;<=@; :;IB@8<8DHM =;KD>C8:BD8F;<?8M G;K;D;::HM
CB@7;:8; 8 =;DG;KB=EKE) U=> >GK;C;79;= @HP>K EKB@:;:89 <><=>9:89 @ @8C; R>KDE�
7H v.w) �;?>=>KB9 =KEC:><=V IB?7QFB;=<9 @ =>Dq F=> @ _8K>?>D C8BGBI>:; 8ID;:;:8A
=;DG;KB=EKH 8 CB@7;:89 >?BIH@B;=<9 :;GK><=> IBCB=V ;C8:HA @8C IB@8<8D><=8 ?>�R�
R8S8;:=B <O8DB;D><=8 >= p 8 T C79 <D;<;A NBI>@ KBI:>N> <><=B@B) �B? 8I@;<=:> r*^q
*,sq P>7;; =>F:HD8 9@79Q=<9 B:B78=8F;<?8; EKB@:;:89 <><=>9:89q =B?8; ?B? EKB@:;�
:89 �;C78MB % �@>:NBq �;:NB % �>P8:<>:Bq �;:;C8?=B % 6;PPB % �EP8:B) 3C:B?>
B:B78=8F;<?8; EKB@:;:89 <><=>9:89 9@79Q=<9 ?EP8F;<?8D8 >=:><8=;7V:> EC;7V:>N>
>P�;DB V 8 ?>�RR8S8;:=B <O8DB;D><=8 Z(p, T )q F=> IB=KEC:9;= 8M :;G><K;C<=@;::>;
8<G>7VI>@B:8; @ D>C;78 b)

�K8 K;_;:88 K;B7V:HM IBCBF :BC;O:;; @<;N> >GK;C;79=V @8C IB@8<8D><=8 ?>�R�
R8S8;:=B <O8DB;D><=8 Z(p, T ) G> �?<G;K8D;:=B7V:HD CB::HD p%V %T q G>7EF;:�
:HD C79 KB<<DB=K8@B;D>A <D;<8 NBI>@ @ 8<<7;CE;D>D C8BGBI>:; 8ID;:;:8A =;DG;KB�
=EKH 8 CB@7;:89)

�K;C7>O;:> :;DB7> GK8P78O;::HM IB@8<8D><=;A ?>�RR8S8;:=B <O8DB;D><=8
Z >= p 8 T ) �79 CB@7;:8A :B @M>C;q :; GK;@H_BQL8M *11 B=Dq @ ?BF;<=@; =B?>A

�CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ; 0.*



IB@8<8D><=8 D>O;= PH=V @HPKB:> EKB@:;:8; �;K=7> r^sx

Z(p, T ) = 1 + 0.07
p

pc

Tc
T

(
1− 6

T 2
c

T 2

)
, v^w

NC; pcq Tc % ?K8=8F;<?8; CB@7;:8; 8 =;DG;KB=EKB <D;<8 NBI>@ IBCB::>N> <><=B@B)
�>�RR8S8;:= <O8DB;D><=8 Z(p, T ) GK8 <@;KM@H<>?8M CB@7;:89M KB<<F8=B:q :BGK8�
D;Kq @ KBP>=; r*+s)

%� a4@5X200:> <562DU� �K8@;C;D <8<=;DE EKB@:;:8A v*wtv.wq v^w < NKB:8F:HD
E<7>@8;D vXw ? P;IKBID;K:>DE @8CEq >GK;C;78@ P;IKBID;K:H; @;78F8:H KB@;:<=@BD8

z̃ =
z

lx
, T̃ =

T

Tx
, p̃ =

p

px
, ρx =

px
RgTxZ(px, Tx)

,

ux =
Q0

ρxS
, ρ̃ =

ρ

ρx
, ũ =
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�>?BO;Dq F=> 8I <8<=;DH EKB@:;:8A v+wtv*0w <7;CE;= 8I>=;KD8F:><=V GK>S;<<>@
GK8 @HG>7:;:88 <7;CEQL8M C@EM E<7>@8Ax

p
 c0ρu
2 −→ dp

dz
= −c1ρu2, v*^w

Z(p, T ) = ��"�� = Z∗. v*,w

�;A<=@8=;7V:>q GK8 E<7>@88 v*,w G;K@>; <7BNB;D>; @ GKB@>A FB<=8 =;G7>@>N> EKB@:;�
:89 v**w KB@:>

c2T
∂

∂T

(
1

ρ

)
p

dp

dz
=
c2
ρ

dp

dz
. v*+w

6=>K>; <7BNB;D>; @ GKB@>A FB<=8 =;G7>@>N> EKB@:;:89 v**w < EF;=>D EGK>L;::>N>
EKB@:;:89 C@8O;:89 v*^w 8 KB@;:<=@B c3/c1 = c2 v*Xw GK;>PKBIE;=<9 ? @8CE

c3u
2 =

(
− c3
c1ρ

)(−c1ρu2) = −c2
ρ

dp

dz
. v01w

�I KB@;:<=@ v*+wq v01w <7;CE;= KB@;:<=@> :E7Q GKB@>A FB<=8 =;G7>@>N> EKB@:;:89
v**wq F=> C>?BIH@B;= 8I>=;KD8F:><=V GK>S;<<>@x

dT

dz
= 0 −→ T = ��"�� = T

∣∣∣
z=0

= 1.

�K8 @HG>7:;:88 E<7>@8A v*^wq v*,w <8<=;DB EKB@:;:8A v+wtv*0w �?@8@B7;:=:B <7;CEQ�
L;A P;IKBID;K:>A 8I>=;KD8F;<?>A <562D/ ��`⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρu = 1,
dp

dz
= −c1ρu2,

p = ρ
Z∗
Zx

,

p
∣∣∣
z=0

= 1, T = ��"�� = 1.

�KB@B9 FB<=V EKB@:;:89 C@8O;:89 @ D>C;78 bb GK;>PKBIE;=<9 < EF;=>D EKB@:;:89
:;KBIKH@:><=8 8 EKB@:;:89 <><=>9:89 <7;CEQL8D >PKBI>Dx

−c1ρu2 = −c1
ρ

= −c1Z∗
Zx

1

p
,

F=> G>I@>79;= IBG8<B=V EKB@:;:8; C@8O;:89 @ @8C;

dp

dz
= −c4 1

p
, v0*w

c4 = c0Z∗, c0 =

(
Q0

S

)2
λL

4R

RgTx
p2x

.

�8RR;K;:S8B7V:>; EKB@:;:8; v0*w 7;N?> 8:=;NK8KE;=<9) �K8 NKB:8F:>D E<7>@88 D>�
C;78 bb �=> GK8@>C8= ? <7;CEQL;A IB@8<8D><=8 P;IKBID;K:>N> CB@7;:89 >= P;IKBI�
D;K:>A ?>>KC8:B=H zx

p(z) =
(
1− 2 c4z

)1/2
. v00w
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�K>@;C;::>; 8<<7;C>@B:8; G>?BIB7>q F=> @;78F8:E �RR;?=8@:>N> G><=>9::>N>
?>�RR8S8;:=B <O8DB;D><=8 Z∗ S;7;<>>PKBI:> >GK;C;79=V 8I =K;P>@B:89 KB@;:<=@B

CB@7;:89 p
∣∣∣
z=1

q KB<<F8=B::>N> G> R>KDE7; v00w GK8 z = 1q 8 CB@7;:89 p1q KB@:>N>

p1 = pL/px,

IC;<V pL % KBID;K:>; �?<G;K8D;:=B7V:>; CB@7;:8; :B @HM>C; =KEP>GK>@>CB @ _=B=�
:>D K;O8D; =KB:<G>K=8K>@?8 vP;I E=;F?8 NBIBw) �BAC;::B9 =B?8D >PKBI>D @;78F8:B
Z∗ KB@:B

Z∗ =
1− p21
2 c0

. v0Jw

�B<F;=H GK>@>C878<V C79 KBI:HM :BP>K>@ GBKBD;=K>@ D>C;78 b) 6 ?BF;<=@; GK8�
D;KB GK8@;C;:H K;IE7V=B=H KB<F;=B C79 <7;CEQL;N> =;<=>@>N> :BP>KB GBKBD;=K>@x

R = 0.5 D, Q0 = 450 ?N�<, L = 50 ?D, λ = 0.0087,

p0 = 75 B=D, T0 = 313.15 &, Rg = 493.5 �O�v?N·&w,
Tc = 193.7 &, pc = 45.4 B=D.

v0.w

�>�RR8S8;:= EC;7V:>A =;G7>;D?><=8 cp NBI>@>A <D;<8 KB<<F8=H@B7<9 G> R>KDE7;
vTwq G><7; F;N> >GK;C;797><V ;N> <K;C:;; I:BF;:8; @ 8<<7;CE;D>D C8BGBI>:; 8ID;:;�
:8A p 8 T r*.s) 6;78F8:H GBKBD;=K>@ Rgq Tcq pc @ :BP>K; v0.w <>>=@;=<=@EQ= <D;<8
NBI>@q <>C;KOBL;A +T)X� D;=B:Bq <><=B@ <D;<8 8 MBKB?=;K8<=8?8 ;; ?>DG>:;:= GK8�
@;C;:H @ ?:8N; r*Js) v6 :BP>K; v0.w GK;C<=B@7;:H >?KEN7;::H; I:BF;:89 GBKBD;=K>@q
?K>D; =>N>q CB@7;:8; E?BIB:> @ B=D><R;KBMq C78:B =KEP>GK>@>CB % @ ?87>D;=KBM)
6 KB<F;=BM �=8 GBKBD;=KH IBCB@B78<V @ <8<=;D; Z� 8 < P>7V_>A =>F:><=VQ)w

Z8<=;DB EKB@:;:8A >PL;A D>C;78 b K;_B7B<V F8<7;::> D;=>C>D �E:N;%�E==H
J�N> G>K9C?B =>F:><=8) �BID;K:>; CB@7;:8;q KB<<F8=B::>; G> D>C;78 bq >P>I:BF;:>
P�q B=Dq B G> 8I>=;KD8F;<?>A D>C;78 bb vR>KDE7B v00ww % P� vP� = p(z) pxw) �K8 KB<�
F;=; �RR;?=8@:>N> G><=>9::>N> ?>�RR8S8;:=B <O8DB;D><=8 Z∗ v0Jw 8I�IB >=<E=<=@89
�?<G;K8D;:=B7V:HM CB::HM @ ?BF;<=@; �?<G;K8D;:=B7V:>N> CB@7;:89 pL 8<G>7VI>@B�

7><V KBID;K:>; CB@7;:8; P�

∣∣∣
L
:B @HM>C; 8I =KEP>GK>@>CBq :BAC;::>; G> D>C;78 b)

6 =BP7) * C79 :BP>KB GBKBD;=K>@ v0.w GK8@;C;:H K;IE7V=B=H KB<F;=B CB@7;:8A
P� 8 P�q B =B?O; BP<>7Q=:H; @;78F8:H 8M KBI:><=8)

3(D-G%( <� 6�78�494�4��4 9���4��� � :�����; �4<�;4

z+ HO P�+ LEO P�+ LEO |P� − P�|+ LEO
�0 ,;�1Z�1 ,;�1Z;, 0�00�2
;0 B.�B0;, B.�B02, 0�00;0
10 BB�,2�� BB�,21, 0�00�.
20 B1�,Z1; B1�,Z22 0�00�;
2Z B;�;0Z1 B;�;0B0 0�000,
Z0 B0�B��0 B0�B��0 0�0000

YF856 ���B::H; =BP7) * <@8C;=;7V<=@EQ= > GKB@>D;K:><=8 8<G>7VI>@B:89 EGK>�
L;::>A D>C;78 bb C79 KB<F;=B CB@7;:89 @ IBCBFBMq @ ?>=>KHM =KB<<B GK>?7BC?8 NBI>�
GK>@>CB N>K8I>:=B7V:B9q β = 0q @HG>7:9;=<9 E<7>@8; v*^w 8 �RR;?=8@:HA ?>�RR8�
S8;:= <O8DB;D><=8 >GK;C;7;: KB@;:<=@>D v0Jw)

,� 9:A4@262D20/2 6:8D20/> 4@/ 0:D/E// ;12EB/ C:3:� �E<=V @ <;F;:88
=KEP>GK>@>CB < KBID;K:>A ?>>KC8:B=>A za GK>8<M>C8= <=BS8>:BK:B9 E=;F?B NBIB) �K8
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>=<E=<=@88 E=;F?8 @ E<=B:>@8@_;D<9 K;O8D; :B @HM>C; 8I =KEP>GK>@>CB KB<M>C KB@;:
KB<M>CE Q0 :B @M>C;)

�K8 @>I:8?:>@;:88 E=;F?8 NBIB <GE<=9 :;?>=>K>; @K;D9 E<=B:B@78@B;=<9 :>@HA
<=BS8>:BK:HA K;O8Dq @ ?>=>K>D :B @HM>C; 8I =KEP>GK>@>CB CB@7;:8; 8 KB<M>C GK8:8�
DBQ= :>@H; I:BF;:89 PLq QL vPL > P 0

Lq QL < Q0wq GK8 �=>D @HG>7:9Q=<9 KB@;:<=@B

Q =

{
Q0, 0 � z � za,

QL, za < z � L.

�BI:><=V (Q0−QL) >GK;C;79;= 8:=;:<8@:><=V δQ E=;F?8 NBIB) 6;78F8:H PLq P
0
Lq QLq

Q0 KBID;K:H;)
�BAC;D KB<GK;C;7;:8; CB@7;:89 G> EGK>L;::>A D>C;78 bb GK8 IBCB::>A E=;F?;

NBIB) �E<=V P;IKBID;K:B9 ?>>KC8:B=B la D;<=B E=;F?8 NBIB !W$4?.*�) �KEP>GK>@>C
KBIP8@B;=<9 :B C@B EFB<=?Bx

X4 $Y: ,Z�?.#=T z ∈ [0, la]q $.# #: ,Z�?.#=T z ∈ [la, 1])

�B G;K@>D EFB<=?; CB@7;:8; p(z) KB<<F8=H@B;=<9 G> R>KDE7; v00w D>C;78 bbq @
FB<=:><=8 CB@7;:8; @ <;F;:88 < P;IKBID;K:>A ?>>KC8:B=>A la KB@:>

pa = p(la) = (1− 2 c4la)
1/2.

�B @=>K>D EFB<=?; CB@7;:8; p(z) KB<<F8=H@B;=<9 G> D>C;78 bb GK8 8ID;:8@_;A<9
@;78F8:; KB<M>CB NBIB Q = QL GK8 NKB:8F:>D E<7>@88

p
∣∣∣
z=la

= pa.

�:=;NK8K>@B:8; EKB@:;:89 C@8O;:89 D>C;78 bb :B @=>K>D EFB<=?; GK8@>C8= ? <7;�
CEQL;A IB@8<8D><=8 p(z)x

p(z) =
(
1− 2la(c4 − ca4)− 2ca4z

)1/2
, z ∈ [la, 1], v0Tw

IC;<V P;IKBID;K:HA ?>�RR8S8;:= ca4 KB@;:

ca4 = caZ∗, ca =

(
QL
S

)2
λL

4R

RgTx
p2x

.

6 =BP7) 0 GK8@;C;:H K;IE7V=B=H KB<F;=B CB@7;:89 :B @=>K>D EFB<=?; G> D>C;78 b 8 G>
EGK>L;::>A 8I>=;KD8F;<?>A D>C;78 bb C79 :BP>KB GBKBD;=K>@ v0.w GK8 E=;F?; NBIB
<K;C:;A 8:=;:<8@:><=8q KB@:>A δQ = 45 ?N�<q KB<G>7>O;::>A @ <;F;:88 < P;IKBID;K�
:>A ?>>KC8:B=>A la = 0.2) v6 =BP7) 0 GK8:9=H =; O; >P>I:BF;:89q F=> 8 @ =BP7) *)w

3(D-G%( =� 6�78�494�4��4 9���4��� �� �����; 5=�7�>4
8�� 5�4=>4 ?�@� � 74=4��� za = 10 >;

z+ HO P�+ LEO P�+ LEO |P� − P�|+ LEO
�Z ,��;Z�0 ,��;Z;Z 0�00�Z
;Z B��..�; B.�0000 0�00��
1Z BB�B,00 BB�B,0B 0�000B
2Z B2�;Z,2 B2�;Z,1 0�000�
Z0 B1�0�B, B1�0�Z. 0�000�
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�B::H; =BP7) 0 G>C=@;KOCBQ= @H@>C * 8 GK8 :B78F88 @ =KEP>GK>@>C; E=;F?8
NBIB <K;C:;A 8:=;:<8@:><=8)

K� 9:AE21 B55@6/0:1F <2A1: ;12EB/� �I B:B78=8F;<?>A R>KDE7H v0Tw C79
KB<GK;C;7;:89 CB@7;:89 :B @=>K>D EFB<=?; <7;CE;= GK><=B9 IB@8<8D><=V P;IKBID;K�
:>A ?>>KC8:B=H lAa D;<=B E=;F?8 NBIB >= CB@7;:89 pL 8 KB<M>CB QL :B @HM>C; 8I
=KEP>GK>@>CBx

lAa =
1− p21 − 2ca4
2(c4 − ca4)

, p1 = pL/px. v0Xw

�I�IB >=<E=<=@89 �?<G;K8D;:=B7V:HM CB::HM @ ?BF;<=@; �?<G;K8D;:=B7V:>N>
CB@7;:89 pL @ KB<F;=BM IBCB@B7><V KBID;K:>; CB@7;:8; :B @HM>C;q :BAC;::>; G> D>�
C;78 b GK8 IBCB::>A E=;F?; NBIB) 6 =BP7) J GK8@;C;:H K;IE7V=B=H KB<F;=B ?>>KC8:B=H
lAa D;<=B E=;F?8 NBIB G> R>KDE7; v0Xw C79 :BP>KB GBKBD;=K>@ v0.w GK8 8:=;:<8@:><=8
E=;F?8 δQ = 45 ?N�<)

3(D-G%( >� 6�7=4� >���9����A ;47�� 5�4=>� ?�@�

la lAa δla = |la − lAa | δza+ O
0�; 0��..,;1 0�000;,, �1��Z
0�2 0�1..,,2 0�000;;B ���10
0�B 0�Z..�12 0�000�BZ ��;�
0�� 0�,...0� 0�0000.; 2�Z.
0�. 0��...Z� 0�00002� ;�2;

6 =BP7) J la % 8<=8::>; I:BF;:8; P;IKBID;K:>A ?>>KC8:B=H D;<=B E=;F?8q δza =
|la − lAa | · L % D>CE7V BP<>7Q=:>A G>NK;_:><=8 KB<F;=B KBID;K:>A ?>>KC8:B=H D;<=B
E=;F?8 v@ D;=KBMw)

YF856  � �K>@;C;::>; F8<7;::>; 8<<7;C>@B:8;q FB<=V 8I ?>=>K>N> GK;C<=B@7;:B
@ =BP7) Jq <@8C;=;7V<=@E;= > C>GE<=8D><=8 8<G>7VI>@B:89 EGK>L;::>A 8I>=;KD8F;�
<?>A D>C;78 bb 8 <7;CEQL;A 8I :;; GK><=>A R>KDE7H v0Xw C79 KB<F;=B ?>>KC8:B=H
D;<=B E=;F?8 NBIB <K;C:;A 8:=;:<8@:><=8 GK8 @HG>7:;:88 E<7>@8A c0 � 1q β = 0q
Z = Z∗q =KB<<B N>K8I>:=B7V:B9)

L� 9:AE21 @:A4@262D20/> 12<42@:1;@F� �B? <7;CE;= 8I KB<F;=>@ G> >P�
L;A D>C;78 bq GK8 :BP>K; GBKBD;=K>@ v0.w C79 N>K8I>:=B7V:>N> =;G7>8I>78K>@B::>N>
vβ = 0w =KEP>GK>@>CB =;DG;KB=EKB NBIB 8ID;:9;=<9 GK8D;K:> :B 5 ◦hq =) ;) :; 9@79;=<9
G><=>9::>A) �B@7;:8;q KB<<F8=B::>; G> EGK>L;::>A 8I>=;KD8F;<?>A D>C;78 bbq ?B?
G>?BIB:> @H_;q P78I?> ? G>7EF;::>DE G> :;8I>=;KD8F;<?>A D>C;78 b) U=> <@8C;=;7V�
<=@E;= > =>Dq F=> :;P>7V_8; 8ID;:;:89 =;DG;KB=EKH GKB?=8F;<?8 :; <?BIH@BQ=<9 :B
G>@;C;:88 CB@7;:89 @ G>=>?; NBIB)

�79 KB<F;=B KB<GK;C;7;:89 =;DG;KB=EKH T (z) GK;C7BNB;=<9 <7;CEQL8A G>CM>Cx
KB<GK;C;7;:8; T (z) >GK;C;79;=<9 G> GK8@;C;::>DE :8O; EKB@:;:8Q <>MKB:;:89 G>7�
:>A �:;KN88q @ ?>=>K>D CB@7;:8; <F8=B;=<9 8I@;<=:HD 8I KB<F;=B G> EGK>L;::>A
8I>=;KD8F;<?>A D>C;78 bbq @ ?BF;<=@; EKB@:;:89 <><=>9:89 8<G>7VIE;=<9 EKB@:;:8;
<><=>9:89 v*0w < ?>�RR8S8;:=>D <O8DB;D><=8 �;K=7> v*Jw)

�B? 8I@;<=:> r^q *Jsq @ >PL;A D>C;78 b @D;<=> =;G7>@>N> EKB@:;:89 vJw D>O:>
8<G>7VI>@B=V EKB@:;:8; <>MKB:;:89 G>7:>A �:;KN88q ?>=>K>; C79 >C:>D;K:>N> E<=B�
:>@8@_;N><9 =;F;:89 NBIB v=) ;) @ KBD?BM D>C;78 bw IBG8<H@B;=<9 @ KBID;K:>D @8C;
<7;CEQL8D >PKBI>Dx

d

dz

(
ρuS

(
e+

p

ρ

))
= −2β(T − T ∗)

R
+ uρg cosα(z), v0^w
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e = h− p

ρ
+
u2

2
,

IC;<V e % EC;7V:B9 G>7:B9 �:;KN89q h % EC;7V:B9 �:=B7VG89 NBIB)
�79 N>K8I>:=B7V:>A =KB<<H GK8 E<7>@88 =;G7>8I>79S88 vβ = 0w EKB@:;:8; �:;K�

N88 v0^w 8D;;= 8:=;NKB7x

e(z) +
p(z)

ρ(z)
= ��"�� =

(
e+

p

ρ

)
z=0

,

?>=>KHA @ =;KD8:BM EC;7V:>A �:=B7VG88 h D>O:> IBG8<B=V @ @8C;

h(z) +
u2(z)

2
= ��"�� =

(
h+

u2

2

)
z=0

. v0,w

]B@8<8D><=V �:=B7VG88 h >= KBID;K:HM @;78F8: CB@7;:89 p 8 =;DG;KB=EKH T D>O;=
PH=V GK;C<=B@7;:B <7;CEQL8D >PKBI>D r^q *Jsx

h = c0p(T − T 0) + J(p, T ), v0+w

J(p, T ) =

p∫
p0

(
1

ρ
− T ∂

∂T

(
1

ρ

)
p

)
dp.

]C;<V T 0q p0 % =;DG;KB=EKB 8 CB@7;:8;q GK8 ?>=>KHM KB<<DB=K8@B;DB9 NBI>@B9 <D;<V
@;C;= <;P9 ?B? <>@;K_;::HA NBI) ]B@8<8D><=V =;G7>;D?><=8 NBI>@>A <D;<8 >= =;D�
G;KB=EKH @ <><=>9:88 <>@;K_;::>N> NBIB D>O:> <F8=B=V 78:;A:>A @ 8<<7;CE;D>D
C8BGBI>:; 8ID;:;:89 =;DG;KB=EKH)

�;K;AC;D ? P;IKBID;K:>A R>KD;q 8<G>7VIE9 @@;C;::H; @H_; v,w MBKB?=;K:H;
@;78F8:H lx = Lq Tx = T0q px = p0) �K>D; =>N>q G>7>O8Dq F=>

T 0

Tx
= Tb,

p0

px
= pb.

Z>MKB:8D C79 P;IKBID;K:HM @;78F8: =; O; >P>I:BF;:89q F=> 8 C79 KBID;K:HM) h EF;�
=>D EKB@:;:89 <><=>9:89 v*0w IBG8_;D 8:=;NKB7 J @ v0+w @ =;KD8:BM P;IKBID;K:HM
@;78F8: pq T q pbq Jbx

J =
px
ρxZx

Jb, Jb =

p∫
pb

(
TZ(p, T )

p
− T ∂

∂T

(
TZ(p, T )

p

)
p

)
dp.

�>�RR8S8;:=
px
ρxZx

q ?B? :;=KEC:> @8C;=Vq KB@;:
px
ρxZx

= RgTx) �:=;NKB7 EKB@�

:;:89 �:;KN88 v0,w @ P;IKBID;K:>A R>KD; GK8D;= @8C

T − Tb + c5Jb + c6u
2 = c7, vJ1w

P;IKBID;K:H; ?>DG7;?<H c5tc7 KB@:H

c5 =
Rg
c0p
, c6 =

u2x
2 c0p Tx

, c7 = 1− Tb + c5Jb

∣∣∣
p=1, T=1

+ c6.
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�:=;NKB7 Jb C79 ?>�RR8S8;:=B <O8DB;D><=8 �;K=7> v*Jw 7;N?> KB<<F8=H@B;=<9 B:B�
78=8F;<?8x

Jb = (p− pb)
(
a− 3b

T 2

)
. vJ*w

�;IKBID;K:H; @;78F8:H a 8 b @ vJ*w >GK;C;7;:H KB@;:<=@BD8 v*.w) 3S;:8D C>GE<=8�
D><=V GK;:;PK;O;:89 ?8:;=8F;<?>A �:;KN8;A G> <KB@:;:8Q < �:=B7VG8;A @ 8:=;NKB7;
EKB@:;:89 �:;KN88) �B? <7;CE;= 8I vJ1wq @?7BC ?8:;=8F;<?>A �:;KN88 >S;:8@B;=<9
@;78F8:>A P;IKBID;K:>N> ?>DG7;?<B c6q ?>=>KHA @HKBOB;=<9 F;K;I @@;C;::HA @H_;
?>DG7;?< c0 v*Xw G> R>KDE7;

c6 = c0
Rg
2 c0p

Zx,

8I ?>=>K>A <7;CE;=q F=> c6 < c0)
YF856 $� 
B7><=V P;IKBID;K:>N> ?>DG7;?<B c0 v*Xw G>I@>79;= :; =>7V?> GK;:;�

PK;FV <87BD8 8:;KS88 G> <KB@:;:8Q < CB@7;:8;D @ EKB@:;:88 C@8O;:89 v*1wq :> 8
<@8C;=;7V<=@E;= > DB7><=8 EC;7V:>A ?8:;=8F;<?>A �:;KN88 G> <KB@:;:8Q < EC;7V:>A
�:=B7VG8;A @ 8:=;NKB7; v0,w <>MKB:;:89 G>7:>A �:;KN88)


B7><=V ?>DG7;?<B c0 MBKB?=;K:B C79 D:>N8M IBCBF =KB:<G>K=8K>@?8 NBIB) �B�
GK8D;Kq C79 :BP>KB GBKBD;=K>@ v0.w P;IKBID;K:H; ?>DG7;?<H c0 8 c6 KB@:Hx c0 =
8 · 10−4q c6 = 8 · 10−5) U=> G>I@>79;= IBG8<B=V 8:=;NKB7 EKB@:;:89 �:;KN88 vJ1w < EF;�
=>D @HKBO;:89 C79 Jb vJ*w <7;CEQL8D >PKBI>Dx

T (z)− Tb + c5(p(z)− pb)
(
a− 3b

T 2(z)

)
= c8, vJ0w

c5 =
Rg
c0p
, c8 = 1− Tb + c5(1− pb)(a− 3b).

6 GK8:9=>D G>CM>C; KB<GK;C;7;:8; CB@7;:89 p = p(z) @ vJ0w KB<<F8=H@B;=<9 G> R>K�
DE7; v00w GK8 >=<E=<=@88 E=;F?8 NBIB 8 G> R>KDE7; v0Tw % :B @=>K>D EFB<=?; GK8
:B78F88 E=;F?8 NBIB @ <;F;:88 < P;IKBID;K:>A ?>>KC8:B=>A la) \KB@:;:8; vJ0w 9@�
79;=<9 ?EP8F;<?8D >=:><8=;7V:> P;IKBID;K:>A =;DG;KB=EKH) �K8 >=<E=<=@88 E=;F?8
NBIB ;N> D>O:> GK;C<=B@8=V @ @8C; vz ∈ [0, 1]w

T 3(z) +D(z)T 2(z)−B(z) = 0, vJJw

D(z) = c5a
(
p(z)− pb

)− Tb − c8,
B(z) = 3c5b

(
p(z)− pb

)
.

�K8 :B78F88 E=;F?8 NBIB @ <;F;:88 < P;IKBID;K:>A ?>>KC8:B=>A la =;DG;KB=EKB :B
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YF856 %� �B::H; =BP7) . 8 T <@8C;=;7V<=@EQ= > =>Dq F=> @ GK8:9=HM E<7>�
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3(D-G%( ?� 6�78�494�4��4 �4;84���5�A
� ��5B�8����94 #B4@ 5�4=>� ?�@�&

z+ HO TI+
◦l TA+ ◦l δT = |TI − TA|+ ◦l

�0 1.��2;Z 1.��2B; 0�001,
;0 1��;2B, 1��;2.B 0�00;.
10 1,�10,B 1,�102B 0�0010
20 1B�1�.; 1B�102; 0�0�Z0
Z0 1Z�;,1. 1Z�;200 0�011.

3(D-G%( @� 6�78�494�4��4 �4;84���5�A �� �����; 5=�7�>4
8�� @�9����C 5�4=>4 ?�@� #la = 0.2% za = 10 >;&

z+ HO TI+
◦l TA+ ◦l δT = |TI − TA|+ ◦l

�Z 1��,�2� 1��,��B 0�001�
;Z 1��02.1 1��0Z0� 0�00�Z
1Z 1,�;�2B 1,�;�01 0�0021
2Z 1B�2�,B 1B�2,1Z 0�0�2�
Z0 1B�0,Z� 1B�0ZZ0 0�0;0�
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<>?B9 =>F:><=V KB<F;=B ?>>KC8:B=H D;<=B E=;F?8 NBIB 8 KB<GK;C;7;:8A CB@7;:89 8
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@ NBI>GK>@>C;)
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=>C>@x >: G>I@>79;= KB<<F8=B=V ?>>KC8:B=H D;<=B E=;F?8 NBIB 78_V <GE<=9 :;?>=>K>;
@K;D9 G><7; ;; @>I:8?:>@;:89 8 :; CB;= @>ID>O:><=8 >GK;C;78=V GK8F8:E @>I:8?:>�
@;:89 E=;F?8)

�K8 @HG>7:;:88 :;>PM>C8DHM E<7>@8A �=>= G>CM>C G>I@>79;= 7;N?> KB<<F8=B=V
?>>KC8:B=H D;<=B E=;F?8 NBIB < =>F:><=VQ C> :;<?>7V?8M D;=K>@ GK8 CB@7;:89M
p < 10 
�B @ _8K>?>D C8BGBI>:; 8ID;:;:8A KBID;KB E=;F?8 8 ;; D;<=>G>7>O;:89)
3: >P>PLB;=<9 8 :B <@;KM@H<>?8; CB@7;:89q G>K9C?B 0T 
�B)

�B? G>?BIB78 8<<7;C>@B:89q G>C>P:HA G>CM>Cq ><:>@B::HA :B KB<L;G7;:88 >P�
L;A D>C;78 b 8 :B EGK>L;::>D KB<F;=; CB@7;:89q >?BIH@B;=<9 �RR;?=8@:HD 8 @ IB�
CBFBMq @ ?>=>KHM <EL;<=@;: EF;= K;7V;RB =KB<<H 8 @789:89 =;G7>>PD;:B) U=8 8<<7;�
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