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:HM EKB@:;:8Ax

dS(t)

dt
= −αS(t)I(t) + aN0 + μR(t)− a′S(t),

dE(t)

dt
= αS(t)I(t)− bE(t)− βE(t),

dI(t)

dt
= βE(t)− cI(t)− γI(t),

dR(t)

dt
= γI(t)− dR(t)− μR(t),

v*w

NC; α = α1α2

N0
) �K8 �=>D GBKBD;=K α2q KB@:HA EK>@:Q E?E<>@ 8:R8S8K>@B::HM DB79�

K8;A ?>DBK>@q 8NKB;= G;K@><=;G;::EQ K>7V @ <>>=:>_;:88 D;OCE C>79D8 @><GK88D�
F8@HM 8 E?E_;::HM @;?=>K>D <EPG>GE79S8A)

]BCB:H :BFB7V:H; E<7>@89 C79 <8<=;DH EKB@:;:8A v*wx

S(0) � 0, E(0) � 0, I(0) � 0, R(0) � 0, v0w

?>=>KH; >P;<G;F8@BQ= :BFB7V:>; E<7>@8; C79 >PL;A F8<7;::><=8 G>GE79S88 M>I98:Bx
N(0) = N0 = S(0) + E(0) + I(0) + R(0) � 0) �B?O; D>O:> IBD;=8=Vq F=> EKB@:;:8;
C8:BD8?8 F8<7;::><=8 G>GE79S88 8D;;= @8C

dN(t)

dt
= N0 + aN(t)− a′S(t)− bE(t)− cI(t)− dR(t).

$� TND:A1U 654;A1/<F7 30:E20/M v<D) =B?O; [23]w) �K;CG>7>O8Dq F=> F8<�
7;::><=V G>GE79S88 N(t) C>7O:B ><=B@B=V<9 G>7>O8=;7V:>A 8 >NKB:8F;::>A C79 7Q�
P>N> t � 0) 6 <7;CEQL;D E=@;KOC;:88 G>7EF;: @8C D:>O;<=@B C>GE<=8DHM I:BF;:8A
K;_;:89 <8<=;DH v*w < :BFB7V:HD8 E<7>@89D8 v0w)

0XX �CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



a182@V620/2 �� �E<=V (S,E, I, R) % K;_;:8; <8<=;DH C8RR;K;:S8B7V:HM

EKB@:;:8A (1) < :BFB7V:HD8 E<7>@89D8 v0wq Ω =
{
(S,E, I, R) ∈ R

4
+, V1 � N0, V2 �

α1α2

b+ β
N0, V3 � α1α2β

(b+ β)(c + γ)
N0, V4 � α1α2βγ

(b+ β)(c+ γ)(d+ μ)
N0

}
% IBD?:E=>; D:>O;�

<=@>) �>NCB Ω 9@79;=<9 G>7>O8=;7V:> 8:@BK8B:=:HD 8 G>N7>LBQL8D C79 <8<=;DH
v*w < :BFB7V:HD8 E<7>@89D8 v0w)

� > ? B I B = ; 7 V < = @ >) �79 8<<7;C>@B:89 E<=>AF8@><=8 @@;C;D @;?=>K�RE:?S8Q
�9GE:>@B V (t)x

V (t) = (V1(t), V2(t), V3(t), V4(t)).

�K;CG>7>O8Dq F=> RE:?S88 V1(t)q V2(t)q V3(t)q V4(t) >GK;C;7;:H C79 ∀ t � 0q C8RR;�
K;:S8KE;DH 8 :;GK;KH@:> C8RR;K;:S8KE;DH :B D:>O;<=@; Ωq <>C;KOBL;D :BFB7>
?>>KC8:B=)

3GK;C;78D GK>8I@>C:EQ RE:?S88 V (t)x

dV (t)

dt
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dV1(t)

dt
= N0 − V1(t)− a′S(t),

dV2(t)

dt
= α1α2N0 − (b+ β)V2(t)− bE(t),

dV3(t)

dt
= α1α2βN0 − (b+ β)(c + γ)V3(t)− cI(t),

dV4(t)

dt
= α1α2βγN0 − (b+ β)(c+ γ)(d+ μ)V4(t)− dR(t).

vJw

�I <8<=;DH (3) >F;@8C:>q F=>

dV1
dt

� N0 − V1,
dV2
dt

� α1α2N0 − (b+ β)V2,

dV3
dt

� α1α2βN0 − (b+ β)(c + γ)V3,

dV4
dt

� α1α2βγN0 − (b+ β)(c+ γ)(d+ μ)V4.

v.w

�> <@>A<=@BD RE:?S88 �9GE:>@B G>7EFB;D <7;CEQL8; E<7>@89x

dV1
dt

� N0 − V1 � 0 C79 V1 � N0,

dV2
dt

� α1α2N0 − (b+ β)V2 � 0 C79 V2 � α1α2

b+ β
N0,

dV3
dt

� α1α2βN0 − (b+ β)(c+ γ)V3 � 0 C79 V3 � α1α2β

(b+ β)(c+ γ)
N0,

dV4
dt

� α1α2βγN0 − (b+ β)(c+ γ)(d+ μ)V4 � 0 C79 V4 � α1α2βγ

(b+ β)(c+ γ)(d+ μ)
N0.

vTw

�I E<7>@8A (5) <7;CE;=q F=> dV (t)
dt � 0) U=> >I:BFB;=q F=> Ω % G>7>O8=;7V:> 8:@B�

K8B:=:>; 8 G>N7>LBQL;; D:>O;<=@>)
�I GK8@;C;::HM EKB@:;:8A 8 :;KB@;:<=@ (3)t(5) 8 < G>D>LVQ GK>NKBDD:>N> >P;<�

G;F;:89 e���� @H@>C8D :;KB@;:<=@B C79 V1q V2q V3 8 V4x

�CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ; 0X^



0 � V1 (t) � N0 + e−t (V01 −N0),

0 � V2 (t) �
α1α2N0

b+ β
+ e−(b+β)t

(
V02 −

α1α2N0

b+ β

)
,

0 � V3 (t) �
α1α2 β N0

(b+ β)(c+ γ)
+ e−(b+β)(c+γ)t

(
V03 −

α1α2 β N0

(b+ β)(c+ γ)

)
,

0 � V4 (t) �
α1α2 β γ N0

(b+ β)(c+ γ)(d+ μ)
+ e−(b+β)(c+γ)(d+μ)t

(
V04 −

α1α2 β γ N0

(b+ β)(c+ γ)(d+ μ)

)
.

�K8 t −→ +∞ :BM>C8Dq F=>

0 � V1 (t) � N0,

0 � V2 (t) �
α1α2N0

b+ β
,

0 � V3 (t) �
α1α2 β N0

(b+ β)(c + γ)
,

0 � V4 (t) �
α1α2 β γ N0

(b+ β)(c + γ)(d+ μ)
.

�>NCB D>O:> IB?7QF8=Vq F=> Ω % G>N7>LBQL;; D:>O;<=@>)
�;A<=@8=;7V:>q GK8 t −→ +∞ 8D;;D :;KB@;:<=@B

lim sup
t→+∞

V1 � N0,

lim sup
t→+∞

V2 � α1α2

b+ β
N0,

lim sup
t→+∞

V3 � α1α2β

(b+ β)(c+ γ)
N0,

lim sup
t→+∞

V4 � α1α2βγ

(b+ β)(c+ γ)(d+ μ)
N0.

3=<QCB D>O:> IB?7QF8=Vq F=> Ω 9@79;=<9 D:>O;<=@>Dq ?>=>K>; G>7>O8=;7V:> 8:�
@BK8B:=:> 8 ;<=V G>N7>LBQL;; D:>O;<=@> C79 <8<=;DH v*w < :BFB7V:HD8 E<7>@89D8
v0w) �EC;D 8IEFB=V C8:BD8?E �=>A �G8C;D8F;<?>A D>C;78 :B D:>O;<=@; Ω) �

%� f5EB/ @:80582A/>� �B<<D>=K8D C@; =>F?8 KB@:>@;<89 vP;I P>7;I:;A 8 �:�
C;D8F;<?EQ =>F?E KB@:>@;<89w C8:BD8F;<?>A <8<=;DHq >G8<B::>A EKB@:;:89D8 v*w
< :BFB7V:HD8 E<7>@89D8 v0w) �79 >GK;C;7;:89 =>F;? KB@:>@;<89 <8<=;DH v*w K;_B;D
<7;CEQLEQ <8<=;DEx

−α1α2

N0
S(t)I(t) + aN0 + μR(t)− a′S(t) = 0,

α1α2

N0
S(t)I(t) − bE(t)− βE(t) = 0,

βE(t)− cI(t)− γI(t) = 0,

γI(t)− dR(t)− μR(t) = 0.

vXw

�;_B9 ;;q G>7EFB;D =>F?8 KB@:>@;<89q 8I ?>=>KHM PEC;D @ CB7V:;A_;D 8IEFB=V <7;�
CEQL8;x

*w =>F?B KB@:>@;<89 <8<=;DH P;I P>7;I:;A Es = (N0, 0, 0, 0)q =) ;) �=> ?>:<=B:=:>;
K;_;:8; <8<=;DHq @ ?>=>K>A :;= P>7;I:;Az

0X, �CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



0w �:C;D8F;<?B9 =>F?B KB@:>@;<89 <8<=;DH Ee = (S∗, E∗, I∗, R∗)) W=>PH ;; :BA�

=8q <:BFB7B 8I @=>K>N> EKB@:;:89 <8<=;DH vXw 8D;;Dq F=> S =
(b+ β)E

α1α2I
q 8I =K;�

=V;N> % E =
c+ γ

β
Iq 8I F;=@;K=>N> % R =

γ

d+ μ
I) �> K;IE7V=B=BD @=>K>N> 8

=K;=V;N> EKB@:;:8A <8<=;DH vXw :BM>C8Dq F=> S =
(b+ β)(c + γ)

α1α2β
) �>C<=B@8@ G>�

7EF;::H; @H_; @HKBO;:89 S 8 R @ G;K@>; EKB@:;:8; <8<=;DHq G>7EFB;Dq F=>

I =
aN0β(d+ μ)

(b+ β)(c + γ)(d+ μ)− μγβ
(
1− a′(b+ β)(c + γ)

aN0α1α2β

)
)

Z7;C>@B=;7V:>q �:C;D8F;<?8D KB@:>@;<8;D D>C;78 v*w 9@79;=<9 KB@:>@;<8; Ee =
(S∗, E∗, I∗, R∗) < ?>DG>:;:=BD8

S∗ =
(b+ β)(c + γ)

α1α2β
,

E∗ =
c+ γ

β
I∗,

I∗ =
aN0β(d + μ)

(b+ β)(c+ γ)(d+ μ)− μγβ
(
1− a′(b+ β)(c+ γ)

aN0α1α2β

)
,

R∗ =
γ

d+ μ
I∗.

�>F?B Ee GK;C<=B@79;= �:C;D8F;<?EQ =>F?E D>C;78q @ ?>=>K>A ;<=V FB<=V G>GE79S8Aq
?>=>KB9 IBKBO;:Bq B =B?O; FB<=Vq :BM>C9LB9<9 @ <=BC88 ? @HIC>K>@7;:8Q) Z?>K><=V
@HIC>K>@7;:89 IB@8<8= >= =9O;<=8 IBP>7;@B:89 8 <=KB=;N8Aq GK8:9=HM C79 E<=KB:;�
:89 P>7;I:8)

,� T4@262D20/2 N:3585C5 @24@56;B1/805C5 E/AD: R0 [24]) 3GK;C;78D PB�
I>@>; K;GK>CE?=8@:>; F8<7> R0 C79 D>C8R8S8K>@B::>A D>C;78 -cb
q @I9=>A IB ><�
:>@E D>C;78K>@B:89 �G8C;D8F;<?>N> GK>S;<<B) U=> F8<7> 8<G>7VIE;=<9 C79 8IEF;:89
KBI@8=89 �G8C;D8F;<?>N> GK>S;<<B 8 KB@:> >O8CB;D>DE ?>78F;<=@E @=>K8F:HM <7E�
FB;@q @HI@B::HM G;K@8F:HD 8:R8S8K>@B:8;D @ G>7:><=VQ @><GK88DF8@>A G>GE79�
S88) 6BO:> >=D;=8=Vq F=> R0 % P;IKBID;K:>; F8<7>q B :; <?>K><=Vq ?>=>KB9 PEC;=
<>C;KOB=V ;C8:8SH @K;D;:8 @ <=;G;:8 −1)

�79 :BM>OC;:89 F8<7B R0 G><=K>8D DB=K8SE G <7;CEQL;N> G>?>7;:89q @ ?>=>�
K>A (i, j)�A �7;D;:=q gij q GK;C<=B@79;= <>P>A >O8CB;D>; ?>78F;<=@> @=>K8F:HM 8:R;?�
S8A =8GB iq @HI@B::HM >C:8D 8:R8S8K>@B::HD 8:C8@8CEED>D =8GB jq >G9=V O; GK8
E<7>@88q F=> G>GE79S89 =8GB i G>7:><=VQ @><GK88DF8@B) �> ;<=V ?BOCHA �7;D;:=
DB=K8SH G 9@79;=<9 K;GK>CE?=8@:HD F8<7>Dq :> GK8 �=>D EF8=H@B;=<9q ?=> ?>N>
IBKBOB;=) 6;78F8:B F8<7B R0 IB@8<8= >= <G;?=KB7V:>N> KBC8E<B DB=K8SH G)

�K8D;:8@ D;=>C �"�5� /�"������"�q <C;7B;D <7;CEQL;;) 3GK;C;78D DB=K8SH F
8 V x

F =

⎛⎜⎜⎝
α1α2

N0
S(t)I(t)

0
0
0

⎞⎟⎟⎠, V+ =

⎛⎜⎜⎝
0

βE(t)
aN0 + μR(t)

γI(t)

⎞⎟⎟⎠, V− =

⎛⎜⎜⎝
−(b+ β)E(t)
−(c+ γ)I(t)

−α1α2

N0
S(t)I(t)− a′S(t)
−(μ+ d)R(t)

⎞⎟⎟⎠,

�CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ; 0X+



>=<QCB PEC;D 8D;=Vq F=>

V = V+ + V− =

⎛⎜⎜⎝
−(b+ β)E(t)

βE(t)− (c+ γ)I(t)
aN0 + μR(t)− α1α2

N0
S(t)I(t)− a′S(t)

γI(t)− (μ+ d)R(t)

⎞⎟⎟⎠.
�BM>C8D DB=K8SH

DF(Es) =

⎛⎜⎜⎝
0 α1α2 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠, DV(Es) =

⎛⎜⎜⎝
−(b+ β) 0 0 0

β −(c+ γ) 0 0
0 −α1α2 −a′ μ
0 γ 0 (μ+ d)

⎞⎟⎟⎠.
Z7;C>@B=;7V:>q

F =

[
0 α1α2

0 0

]
, V =

[−(b+ β) 0
β −(c+ γ)

]
.

6HF8<78D G G> R>KDE7; G = FV −1q NC;

V −1 =
1

det(V )
t(com(V )), det(V ) = (b+ β)(c + γ), t(com(V )) =

[−(c+ γ) 0
−β −(b+ β)

]
.

3?>:FB=;7V:> G>7EFB;D EKB@:;:89

G = FV −1 =

[− α1α2β
(b+β)(c+γ) −α1α2

c+γ

0 0

]
,

R0 = ρ(−G) = ρ(−FV −1) =
α1α2β

(b+ β)(c+ γ)
.

�<78 R0 � 1 8 G> ?KBA:;A D;K; >C8: F;7>@;? IBKBO;:q :> 8:R;?S89 :; D>O;= KBI�
@8@B=V<9q N>@>K9=q F=> <8<=;DB <=BP87V:B) �<78 R0 � 1q => F8<7> 8:R8S8K>@B::HM
E@;78F8@B;=<9 8 P>7;I:V D>O;= >M@B=8=V G>GE79S8Q) W8<7;::>; 8<<7;C>@B:8; CB<=
:BD P>7;; :BN79C:EQ ?BK=8:E > KB<GK><=KB:;:88 IBP>7;@B:89 @ G>GE79S88 >=:><8�
=;7V:> F8<7B R0)

3=D;=8Dq F=> �:C;D8F;<?B9 =>F?B KB@:>@;<89 Ee <EL;<=@E;=q ;<78 R0 > 1)
K� gAAD2658:0/2 D5B:DU05M ;A15ME/85A1/ 8 15EB:7 @:80582A/>� Z7;CEQ�

L;; E=@;KOC;:8; CB;= E<7>@89 7>?B7V:>A E<=>AF8@><=8 =>F?8 KB@:>@;<89 P;I P>�
7;I:;A)

a182@V620/2  � �>F?B KB@:>@;<89 P;I P>7;I:8 Es = (N0, 0, 0, 0) 7>?B7V:>
B<8DG=>=8F;<?8 E<=>AF8@Bq ;<78 R0 < 1q 8 :;E<=>AF8@Bq ;<78 R0 > 1)

� > ? B I B = ; 7 V < = @ >) 
B=K8SB 	?>P8q <>>=@;=<=@EQLB9 <8<=;D; (1)q 8D;;= @8C

J(S,E, I, R) =

⎛⎜⎜⎝
−α1α2

N0
I − a′ 0 −α1α2

N0
S μ

α1α2

N0
I −b− β α1α2

N0
S 0

0 β −c− γ 0
0 0 γ −d− μ

⎞⎟⎟⎠
8 @ =>F?; Es KB@:B

J(Es) =

⎛⎜⎜⎝
−a′ 0 −α1α2 μ
0 −b− β α1α2 0
0 β −c− γ 0
0 0 γ −d− μ

⎞⎟⎟⎠.
0^1 �CDEFGH �
I�
� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



3GK;C;78D <>P<=@;::H; I:BF;:89 �=>A DB=K8SHq >GK;C;78=;7V ?>=>K>A C>7O;: PH=V
KB@;: :E7Qx ∣∣∣∣∣∣∣∣

−a′ − λ 0 −α1α2 μ
0 −b− β − λ α1α2 0
0 β −c− γ − λ 0
0 0 γ −d− μ− λ

∣∣∣∣∣∣∣∣ = 0.

�>7EFB;D EKB@:;:8;

(a′ + λ)(d + μ+ λ)[(b+ β + λ)(c+ γ + λ)− βα1α2] = 0.

�;_B9 ;N>q :BM>C8D C@B ?>K:9x λ1 = −a′ 8 λ2 = −(d+ μ)) 3GK;C;78D ;L; C@B ?>K:9
λ3 8 λ4q K;_B9 EKB@:;:8; @=>K>A <=;G;:8

λ2 + (b+ c+ β + γ)λ+ (b+ β)(c + γ)− βα1α2 = 0,

?>=>K>; G;K;G8<H@B;D @ @8C;
λ2 +Aλ+B = 0,

NC; A = b+ c+ β + γq B = (b+ β)(c + γ)− βα1α2) 3GK;C;78=;7V KB@;: Δ = A2 − 4B)
�B<<D>=K8D @>ID>O:H; <7EFB8)
*) �<78 Δ = 0q PEC;D 8D;=V <>P<=@;::>; >=K8SB=;7V:>; C;A<=@8=;7V:>; I:BF;:8;q

G>�=>DE KB@:>@;<8; P;I IBP>7;@B:89 Es 7>?B7V:> E<=>AF8@>)
0) �<78 Δ > 0q G>7EFB;D ?>K:8

λ3 = −A+
√
Δ

2
= −A+

√
A2 − 4B

2
, λ4 =

−A+
√
Δ

2
=
−A+

√
A2 − 4B

2
.

3=D;=8Dq F=> I:B? λ3 8 λ4 IB@8<8= >= I:B?B B) 3G8_;D =B?8; <7EFB8x
Bw ;<78 B > 0q =) ;) (b+ β)(c + γ)− βα1α2 > 0 vR0 < 1wq =>NCB

λ3 < −A+
√
A2

2
= −A < 0, λ4 <

−A+
√
A2

2
= 0.

�B?8D >PKBI>Dq @<; <>P<=@;::H; I:BF;:89 FB<=8F:> >=K8SB=;7V:Hz
Pw ;<78 B < 0q =) ;) (b+ β)(c + γ)− βα1α2 < 0 vR0 > 1wq =>NCB

λ3 = −A+
√
A2 − 4B

2
< 0, λ4 =

−A+
√
A2 − 4B

2
> 0.

ZEL;<=@E;= <>P<=@;::>; F8<7> < G>7>O8=;7V:>A K;B7V:>A FB<=VQ)
�B@:>@;<8; P;I IBP>7;@B:8AEs 7>?B7V:> B<8DG=>=8F;<?8 E<=>AF8@>q ;<78 R0 < 1q

8 :;E<=>AF8@>q ;<78 R0 > 1)
J) �<78 Δ < 0q 8D;;D C@B <>P<=@;::HM F8<7B < >=K8SB=;7V:HD8 @;L;<=@;::HD8

FB<=9D8q G>�=>DE KB@:>@;<8; P;I IBP>7;@B:89 Es 7>?B7V:> E<=>AF8@>) �
Z7;CEQL;; E=@;KOC;:8; CB;= E<7>@89 7>?B7V:>A E<=>AF8@><=8 �:C;D8F;<?>N>

KB@:>@;<89 Ee)
a182@V620/2 $� �>?B7V:> B<8DG=>=8F;<?8 <=BP87V:B9 �:C;D8F:B9 =>F?B KB@�

:>@;<89 KB@:B Ee = (S∗, E∗, I∗, R∗)q ;<78 R0 > 1)
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J(S,E, I, R) =

⎛⎜⎜⎝
−α1α2

N0
I − a′ 0 −α1α2

N0
S μ

α1α2

N0
I −b− β α1α2

N0
S 0

0 β −c− γ 0
0 0 γ −d− μ
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J(Ee) =

⎛⎜⎜⎝
−α1α2

N0
I∗ − a′ 0 −α1α2

N0
S∗ μ

α1α2

N0
I∗ −b− β α1α2

N0
S∗ 0

0 β −c− γ 0
0 0 γ −d− μ
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λ4 +A1λ
3 +A2λ

2 +A3λ+A4 = 0,
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A1 = b+ c+ d+ β + γ + μ+ a′ + α1α2

N0
I∗,

A2 =
(
a′ + α1α2

N0
I∗
)
(b+ c+ d+ β + γ + μ) + d+ μ− β α1α2

N0
S∗,

A3 =
α2

1α
2
2

N0
S∗I∗

(
1− β

N0

)
− βα1α2a

′
N0

S∗ + (d+ μ)
((
a′ + α1α2

N0
I∗
)
(b+ c+ d+ β + γ + μ)−

− βα1α2

N0
S∗),

A4 =

(
α2

1α
2
2

N0
S∗I∗

(
1− β

N0

))− βα1α2

N0
S∗a′(d+ μ) + μβγα1α2

N0
I∗.
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A1 > 0,

A4 > 0,

A1A2 −A3 > 0,

A3(A1A2 −A3)−A2
1A4 > 0.
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1 A2 A4 0 0
A1 A3 0 0 0

A1A2 −A3

A1
A4 0 0 0

A3(A1A2 −A3)−A2
1A4

A1A2 −A3
0 0 0 0

A4 0 0 0 0
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A1 > 0,

A1A2−A3

A1
> 0,

A3(A1A2−A3)−A2
1A4

A1A2−A3
> 0,

A4 > 0,
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