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JA==GW F>CG;?GQ>U:;?GW ;>;<:LP� BCGDI:LA EQCAHI:=>K ;<A=JAC<=GW <C:Y?ACJA==GW
F>CG;?GQ>U:;?GW ;>;<:LGW TA?IVUA:<;K H =AI>U>> �L:C<HGW� TG=P H ;IEUA:� ?GFJA JH:
G;> ;>;<:LP ;<A=GHK<;K ?GII>=:AC=PL> >I> DI>T?>L> ? <A?GHPL� yJ=G >T QC>L:=K:&
LPY C:Z:=>W QCGYG\J:=>K �L:C<HGW TG=P� TA?IVUA:<;K H >;QGISTGHA=>> U:<H:C<GFG
JGQGI=><:IS=GFG ?ACJA=A� RA?>: ;>;<:LP DPI> CA;;LG<C:=P H JCEF>Y CADG<AY CAT=PY
AH<GCGH� R:L =: L:=:: G;<A:<;K G<?CP<PL HGQCG; QG;<CG:=>K GQ<>LAIS=GFG EQCAHI:=>K
U:<PC:Y?ACJA==GW F>CG;?GQ>U:;?GW ;>;<:LGW� ]A G;=GHA=>> GJ=GT=AU=PY ;HKT:W L:\&
JE JH>\:=>:L ?AD>=P� EFIGHPL> ;?GCG;<KL> G;:W ?AD>=P > =:GDYGJ>LPL> >TL:=:=>K&
L> EFIGH HCAX:=>K ?ACJA=GH GQC:J:I:=P JG;<A<GU=P: E;IGH>K CATC:Z>LG;<> TAJAU>
EQCAHI:=>K� JG?ATA=P ;GG<H:<;<HEVX>: I:LLP� y;=GHPHAK;S =A QGIEU:==PY JG;<A<GU&
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S88 C8:BD8?8 @KBLB=;7V:>N> C@8O;:89 @HPKB: D;=>C >G=8DB7V:>N> C;DGR8K>@B:89
rJq .sq G><?>7V?E >: G>I@>79;= @ K;O8D; K;B7V:>N> @K;D;:8 D8:8D8I8K>@B=V :;>PM>�
C8DH; 8ID;:;:89 <?>K><=;A @KBL;:89 ?BKCB:>@ 8q <7;C>@B=;7V:>q D8:8D8I8K>@B=V
:BNKEI?8 :B ?BKCB::H; ?>7VSB) 6 GKB?=8F;<?>A K;B78IBS88 B7N>K8=DB :;>PM>C8D>
EF8=H@B=V �RR;?=Hq <@9IB::H; < @K;D;::�HD IBGBICH@B:8;D rTs)

6 G) 0 @@;C;:H ><:>@:H; <8<=;DH ?>>KC8:B= 8 @HG8<B:H <@9I8 D;OCE EN7BD8
G>@>K>=B =K;:BO;KB 8 8:;KS8B7V:>A <8<=;D>A ?>>KC8:B=) 6 G) J <R>KDE78K>@B:H ><�
:>@:H; GK;CG>7>O;:89 8 CB:B DB=;DB=8F;<?B9 G><=B:>@?B IBCBF8) 6 G) . @H@;C;:H
C><=B=>F:H; E<7>@89 K;_;:89 G><=B@7;::>A IBCBF8q @ G) T >G8<B: B7N>K8=D EGKB@�
7;:89 ?BKCB:BD8 =K;:BO;KBq B @ G) X KB<<D>=K;: @>GK>< C;DGR8K>@B:89 C8:BD8?8
C@8O;:89 <8<=;DH)

 � TA0580F2 450>1/> / 5N530:E20/>� �EC;D 8<G>7VI>@B=V <BD>7;=:EQ =;K�
D8:>7>N8Q C79 >G8<B:89 G>7>O;:89 ?BP8:H =K;:BO;KB) �>�=>DE @@;C;D <7;CEQL8;
>P>I:BF;:89x ><V X % GK>C>7V:B9 ><Vq WX % EN7>@B9 <?>K><=V v?K;:wz ><V Y % G>G;�
K;F:B9 ><VqWY % EN7>@B9 <?>K><=V v=B:NBOwz ><V Z % :>KDB7V:B9 ><VqWZ % EN7>@B9
<?>K><=V vKH<?B:V;w)

�B<<DB=K8@B;DB9 <8<=;DB <><=�8= 8I F;=HK;M ?BKCB:>@x
• @:E=K;::8A vb""��w % ;N> ><V <>@GBCB;= < >C:>A 8I ><;A ?BP8:H <BD>7;=Bz
• <K;C:8A ve�  ��wz
• @:;_:8A v4����wz
• C>G>7:8=;7V:HA v� �" �"�w)
6@;C;D C@; ><:>@:H; <8<=;DH ?>>KC8:B=x ZZ� % <@9IB::B9 < ?BP8:>A <8<=;�

DB ?>>KC8:B=q ]Z� % I;D:B9 <8<=;DB ?>>KC8:B=) 3K=H (i, j, k) >P>I:BFBQ= GKB@EQ
<8<=;DE ?>>KC8:B= ]Z�q GK8F;D i = X q j = Y q k = Z)

6@;C;D <8<=;DH ?>>KC8:B=x (i1, j1, k1) = E���q (i2, j2, k2) = E�	�q (i3, j3, k3) =
E
��q (i4, j4, k4) = E���q GK8F;D >K=H (i4, j4, k4) >P>I:BFBQ= GKB@EQ <8<=;DE ?>>KC8:B=
ZZ�) \<7>@89 @7>O;::><=8 ?BKCB:>@ IBCBQ=<9 KB@;:<=@BD8 k1 = kq j2 = j1q k3 = k2q
j4 = j3) �>�=>DE @@;C;D EN7Hx φ = ∠(i, i1) = ∠(j, j1)q ψ = ∠(i1, i2) = ∠(k1, k2)q
θ = ∠(i2, i3) = ∠(j2, j3)q ν = ∠(i3, i4) = ∠(k3, k4))

�>NCB 8D;;D <7;CEQL8; KB@;:<=@Bx

(i1, j1, k1) = (i, j, k) · S1, S1(φ) =

⎛⎝cosφ − sinφ 0
sinφ cosφ 0
0 0 1

⎞⎠,

(i2, j2, k2) = (i1, j1, k1) · S2, S2(ψ) =

⎛⎝ cosψ 0 sinψ
0 1 0

− sinψ 0 cosψ

⎞⎠,
(i3, j3, k3) = (i2, j2, k3) · S3, S3(θ) =

⎛⎝cos θ − sin θ 0
sin θ cos θ 0
0 0 1

⎞⎠,
(i4, j4, k4) = (i3, j3, k3) · S4, S4(ν) =

⎛⎝ cos ν 0 sin ν
0 1 0

− sin ν 0 cos ν

⎞⎠.
3=<QCB G>7EFB;D <@9IV ]Z� 8 ZZ�x

(i4, j4, k4) = (i, j, k) · S1(φ) · S2(ψ) · S3(θ) · S4(ν). v*w
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�B? ?B? DH M>=8D K;B78I>@B=V IBCB::H; EN7>@H; <?>K><=8 ?BP8:HWX(t),WY (t),WZ(t)q
=> DN:>@;::B9 EN7>@B9 <?>K><=V ?BP8:H KB@:B

ω =WX(t) · i4 +WY (t) · j4 +WZ(t) · k4.

�8:;DB=8F;<?8; EKB@:;:89 C8:BD8?8 @;?=>KB r(t)q @KBLBQL;N><9 < EN7>@>A <?>�
K><=VQ ω(t)q <E=V ṙ = ω × r) �>NCBq EF8=H@B9 KB@;:<=@> v*wq G>7EFB;D <>>=:>_;:8;

d

dt
(i4, j4, k4) = (i, j, k) · d

dt
(S1(φ) · S2(ψ) · S3(θ) · S4(ν))

8 KB@;:<=@>

ω × (i4, j4, k4) = (i4, j4, k4) ·
⎛⎝ 0 −WZ WY

WZ 0 −WX

−WY WX 0

⎞⎠.
�>�=>DE C8:BD8F;<?B9 <@9IV D;OCE ?>DG>:;:=BD8 EN7>@>A <?>K><=8 ω =WX(t) · i4+
WY (t) · j4 +WZ(t) · k4 8 8ID;:;:8;D EN7>@ G>@>K>=B ?BKCB:>@ >G8<H@B;=<9 <8<=;D>A
C8RR;K;:S8B7V:HM EKB@:;:8A

(i4, j4, k4) ·
⎛⎝ 0 −WZ WY

WZ 0 −WX

−WY WX 0

⎞⎠ = (i, j, k) · d
dt

(S1(φ) · S2(ψ) · S3(θ) · S4(ν)) . v0w

] B D ; F B : 8 ; *) �I KB@;:<=@B v*w 8 =>OC;<=@B v0w <7;CE;= >C:>I:BF:B9 <@9IV
D;OCE C@8O;:8;D ?BP8:Hq EN7>@HD8 <?>K><=9D8 ><;A ?BP8:H 8 :;>PM>C8DHD8 8ID;�
:;:89D8 EN7>@ @KBL;:89 ?BKCB:>@)

$� Z5A1:058B: 3:6:E/� �B<<D>=K8D E<7>@89 K;B78IBS88 GK>8I@>7V:>N> IBCB:�
:>N> C@8O;:89 ?BP8:H 8 G><=K>;:89 <>>=@;=<=@EQL;N> B7N>K8=DB EGKB@7;:89 @KB�
L;:8;D ?BKCB:>@)

Z@2645D5V20/2� ZF8=B;D <8<=;DE @;?=>K:HM RE:?S8A (i4(t), j4(t), k4(t))
:;GK;KH@:>A 8 ?E<>F:>�:;GK;KH@:> C8RR;K;:S8KE;D>A)

6@;C;D DB=K8SE H(t) KB@;:<=@>D

(i4(t), j4(t), k4(t)) ·
⎛⎝ 0 −WZ(t) WY (t)
WZ(t) 0 −WX(t)
−WY (t) WX(t) 0

⎞⎠ = (i, j, k) · d
dt

(H(t)) .

ZKB@:8@B9 < <8<=;D>A v0wq @8C8Dq F=>

S1(φ) · S2(ψ) · S3(θ) · S4(ν) = H(t).

=2<<: �� 8,?.] "�. !^� H(t) =

⎛⎝h11(t) h12(t) h13(t)
h21(t) h22(t) h23(t)
h31(t) h32(t) h33(t)

⎞⎠
 1?3! *�:)4_

*Y *4X 4 Y$*Y4 ! =,?#Z*#_*4X 4 Y$*# )!664 4*^! ,4"Y4 6,*=^!! (φ(t), ψ(t), θ(t))�
#-4?X4Z!$�A`!4  �$4*?.$#

S1(φ) · S2(ψ) · S3(θ) ·
⎛⎝0
1
0

⎞⎠ =

⎛⎝h12(t)h22(t)
h32(t)

⎞⎠, vJw
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.# ?,`4?.$,4. 4)!*?.$4**#4  454*!4 ν(t) , �$*4*!\

S1(φ) · S2(ψ) · S3(θ) · S4(ν) = H(t). v.w

8 !Z4" 6,*=^!\ ν(t) #X 4)43\4.?\ !W ?!?.4"Y , �$*4*!:(
h11(t) h12(t) h13(t)
h31(t) h32(t) h33(t)

)
· S1(φ) · S2(ψ) · S3(θ) ·

⎛⎝1 0
0 0
0 1

⎞⎠ =

(
cos ν − sin ν
sin ν cos ν

)
. vTw

� > ? B I B = ; 7 V < = @ >) Z8<=;DB v.w <><=>8= 8I + EKB@:;:8A) �<78 DH @HG8�
_;D EKB@:;:89 <8<=;DH v.wq <>>=@;=<=@EQL8; :>D;KBD v*q0wq v0q0wq v0qJwq => G>7EF8D
<8<=;DE EKB@:;:8A vJw) �><?>7V?E @ <8<=;D; v.w <7;@B 8 <GKB@B <=>9= >K=>N>:B7V:H;
DB=K8SHq => <EL;<=@E;= ;C8:<=@;::HA EN>7 G>@>K>=B ν(t)q >P;<G;F8@BQL8A KB@;:<=@>

S1(φ) · S2(ψ) · S3(θ) ·
⎛⎝ cos ν sin ν

0 0
− sin ν cos ν

⎞⎠ =

⎛⎝h11 h13
h21 h23
h31 h33

⎞⎠.
�<78 ED:>O8=V ;N> <7;@B :B DB=K8SE

(
h11(t) h12(t) h13(t)
h31(t) h32(t) h33(t)

)
q B <GKB@B :B DB=K8SE(

cos ν − sin ν
sin ν cos ν

)
q => G>7EF8D KB@;:<=@> v.w) �

�B?8D >PKBI>Dq 8<M>C:B9 IBCBFB G><=K>;:89 EGKB@7;:89 N8K><?>G8F;<?>A <8<=;�
D>A <@>C8=<9 ? IBCBF; > KBIK;_8D><=8 <8<=;DH vJw)

%� h5A1:15E0F2 ;AD58/> @:3@2i/<5A1/� 6@;C;D @;?=>K:EQ RE:?S8Q⎛⎝α(t)β(t)
γ(t)

⎞⎠ = S∗
1 (φ(t)) ·

⎛⎝h12(t)h22(t)
h32(t)

⎞⎠.
6 <>>=@;=<=@88 < ><:>@:HD GK;CG>7>O;:8;D �=B RE:?S89 9@79;=<9 :;GK;KH@:>A 8
?E<>F:>�:;GK;KH@:> C8RR;K;:S8KE;D>A) �K>D; =>N>q α(t)2 + β(t)2 + γ(t)2 = 1. �>NCB
<8<=;DB vJw GK8:8DB;= @8C⎛⎝ cosψ 0 sinψ

0 1 0
− sinψ 0 cosψ

⎞⎠ ·
⎛⎝− sin θ

cosθ
0

⎞⎠ =

⎛⎝α(t)β(t)
γ(t)

⎞⎠. vXw

=2<<:  vE<7>@8; KBIK;_8D><=8w� 1?3! |β(t)| < 1� .# ?,`4?.$,4. *4X 4 Y$*#4
! =,?#Z*#_*4X 4 Y$*# )!664 4*^! ,4"#4  454*!4 (ψ(t), θ(t)) ?!?.4"Y vXw)

� > ? B I B = ; 7 V < = @ >) �B<G8_;D KB@;:<=@> vXw @ @8C; <8<=;DH EKB@:;:8A⎧⎪⎨⎪⎩
cos θ = β(t),

cosψ · sin θ = −α(t),
sinψ · sin θ = γ(t).

�K8 @HG>7:;:88 E<7>@8A =;>K;DH <EL;<=@E;= :;GK;KH@:B9 8 ?E<>F:>�:;GK;KH@:>
C8RR;K;:S8KE;DB9 RE:?S89 θ(t)q GK8F;D sin2(θ(t)) = 1− β2(t) > 0) �>�=>DE <8<=;DB
GK8:8DB;= @8C ⎧⎪⎪⎪⎨⎪⎪⎪⎩

cosψ = − α(t)

sin θ(t)
,

sinψ =
γ(t)

sin θ(t)
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8q <7;C>@B=;7V:>q 8D;;= ;C8:<=@;::>; :;GK;KH@:>; 8 ?E<>F:>�:;GK;KH@:> C8RR;K;:�

S8KE;D>; K;_;:8; ψ(t)q G><?>7V?E

(
α(t)

sin θ(t)

)2

+

(
γ(t)

sin θ(t)

)2

= 1. �

,� ^DC5@/1< 45A1@520/> 3:B5058 8@:X20/>� Z EF;=>D E<7>@8A KBIK;_8D>�
<=8 :;>PM>C8D> >GK;C;78=V RE:?S8Q φ(t) =B?8D >PKBI>Dq F=>PH @HG>7:97><V :;KB�
@;:<=@>

| − h12(t) · sinφ(t) + h22(t) · cosφ(t)| < 1. v^w

�><?>7V?E h212(t) + h222(t) � 1q => <EL;<=@E;= P;<F8<7;::>; D:>O;<=@> :;GK;KH@:HM
8 ?E<>F:>�:;GK;KH@:> C8RR;K;:S8KE;DHM K;_;:8A :;KB@;:<=@B v^w) �>�=>DE D>O:>
GK;C7>O8=V <7;CEQL8A B7N>K8=D G><=K>;:89 EGKB@7;:8Ax

*w @HP8KB;D :;>PM>C8DEQ GK>NKBDDE =K;:8K>@>? @ @8C; DB=K8SH H(t)z
0w >GK;C;79;D K;_;:8; φ(t) :;KB@;:<=@B v^wz
Jw >G8KB9<V :B 7;DDE 0q 8L;D K;_;:8; <8<=;DH vXwz
.w >GK;C;79;D RE:?S8Q ν(t) 8I <8<=;DH vTw)
K� h2<4P/@58:0/2 6/0:</B/ A/A12<F 45 5105i20/\ B /3<2020/\ ;C�

D58 8@:X20/> B:@6:058� 
B=K8SB H(t) 9@79;=<9 >K=>N>:B7V:>Aq 8 ;; �7;D;:=H
GK;CG>7BNBQ=<9 :;GK;KH@:HD8 8 ?E<>F:>�:;GK;KH@:> C8RR;K;:S8KE;DHD8 RE:?�
S89D8) �EC;D <F8=B=V =B?O;q F=> KB<<=>9:8; D;OCE <><;C:8D8 =>F?BD8 KBIKH@B
GK>8I@>C:>A :; D;:;; Δq B @;78F8:B KBIKH@B �7;D;:=>@ DB=K8SH Ḣ(t) :; P>7;; k)
�>NCB D>O:> G><=K>8=V >G=8DB7V:EQ C;DGR8KEQLEQ RE:?S8Q G> >=:>_;:8Q ? 8I�
D;:;:8Q EN7>@ @KBL;:89 ?BKCB:>@ @ D>D;:= t̂ KBIKH@B GK>8I@>C:>A �7;D;:=>@ DB=K8�
SH H(t))

3P>I:BF8D Ĥ = H(t̂ − 0), H̃ = H(t̂ + 0)) 6@;C;D <7;CEQL8; @;78F8:Hx δφ =
φ̇(t̂+0)− φ̇(t̂−0), δψ = ψ̇(t̂+0)− ψ̇(t̂−0), δθ = θ̇(t̂+0)− θ̇(t̂−0), δν = ν̇(t̂+0)− ν̇(t̂−0))
�K8 @HG>7:;:88 E<7>@8A 7;DDH 0q B 8D;::> | − h12(t) · sinφ(t) + h22(t) · cosφ(t)| < 1q
<EL;<=@EQ= K;_;:89 <8<=;D EKB@:;:8A

S1(φ) · S2(ψ) · S3(θ) · S4(ν) = H(t),

?>=>KH; D>O:> <F8=B=V :;GK;KH@:> C8RR;K;:S8KE;DHD8 RE:?S89D8 >= φ(t) :B
EFB<=?BM :;GK;KH@:><=8 DB=K8SH Ḣ(t)q B @ =>F?BM KBIKH@B �=>A DB=K8SH @;78F8�
:H δψ, δθ, δν >GK;C;79Q=<9 I:BF;:8;D δφ <>>=@;=<=@;::>)
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min
|−h12(t)·sinφ(t)+h22(t)·cosφ(t)|<1

max{|δφ|, |δψ|, |δθ|, |δν|}.
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