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y′(x) = f(x, y(x)), y(x0) = y0 v*w

C79 >PH?:>@;::HM C8RR;K;:S8B7V:HM EKB@:;:8A)
6 :B<=>9L;; @K;D9 C79 K;_;:89 =B?>A IBCBF8 _8K>?> 8<G>7VIEQ=<9 r*q 0s 9@:H;

@7>O;::H; D;=>CH �E:N;%�E==H &p(q)mq p �= q, p, q ∈ N. ]C;<V p % G>K9C>?
D;=>CB @HF8<7;:89 GK8P78O;:89 ? K;_;:8Q :B _BN;q q % G>K9C>? D;=>CB �>S;:L8�
?B G>NK;_:><=8� G>7EF;::>N> GK8P78O;:89q B m % F8<7> <=BC8A) �B::H; D;=>CH
D>O:> KBIC;78=V :B C@B ?7B<<B) �79 G;K@>N> GK8 p < q >S;:8@B;=<9 G>NK;_:><=V
BGGK>?<8DBS88 rJsq B C79 @=>K>N> GK8 p > q % G><7;C:8; EF=;::H; @ GK8P78O;::>D
K;_;:88 F7;:H � q + 1�N> C> p�N>) �B8P>7;; 8I@;<=:HA < <;K;C8:H T1�M N>C>@ }} @)
D;=>C @=>K>N> ?7B<<B PH7 GK;C7>O;: 6) �) �N>K>@HD v<D) r*sw) U=> KB<F;=:B9 <M;DB
&.v0w. v�GKB@87> 1/6�w F;=@;K=>N> G>K9C?B � ?>:=K>7V:HD F7;:>D �N>K>@B) 3:B
G>F=8 01 7;= PH7B ><:>@:>A @ CB::>D ?7B<<; GK8 <>ICB:88 B7N>K8=D>@ 8:=;NK8K>@B�
:89 < B@=>DB=8F;<?8D @HP>K>D _BNB)

�BP>=H �E=F;KB r.q Ts CB78 =>7F>? KBI@8=8Q B7N;PKB8F;<?>A =;>K88 D;=>C>@ �E:�
N;%�E==H @H<>?8M G>K9C?>@ 8 ?>:<=KE8K>@B:8Q :B 8M ><:>@; @7>O;::HM D;=>C>@
C@EM ?7B<<>@) �B?q C79 @=>K>N> ?7B<<B @ rXs PH78 G><=K>;:H KB<F;=:H; <M;DH G9=>N>
G>K9C?B C@EM =8G>@ &Tv.w^eq&Tv.w^-q &Tv.wXe) 2>KDB7V:> GK8 KB@;:<=@; =>F�
:><=:HM MBKB?=;K8<=8? G;K@H; C@; KB<F;=:H; <M;DH &Tv.w^eq&Tv.w^- =K;PEQ=
P�>7V_8M @HF8<78=;7V:HM IB=KB=q F;D &Tv.wXe) �<G>7VIE;DB9 GK8 G><=K>;:88 �=8M
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6HF8<78=;7V:B9 <M;DB &Tv.wX =B? O;q ?B? 8 KB<F;=:H; <M;DH &XvTw,eq
&,v^w*Jeq GK;C<=B@7;::H; @ r^sq >=:><8=<9 ? <=B:CBK=:HD ?7B<<8F;<?8D D;=>CBD
�=>N> ?7B<<B)

6 KBP>=; <=K>9=<9 <;D;A<=@B <;D8<=BC8A:HM D;=>C>@ _;<=>N> G>K9C?Bq @7>O;:�
:HM D;=>C>@ _;<=>N> G>K9C?B &Xv.w^ @=>K>N> ?7B<<B <=B:CBK=:>N> =8GB 8 @7>O;:�
:HM D;=>C>@ _;<=>N> G>K9C?B &Xv.w,o)

�K;CG>7BNB;D C><=B=>F:> N7BC?>A GKB@EQ FB<=V KB<<DB=K8@B;D>N> C8RR;K;:�
S8B7V:>N> EKB@:;:89) ZF8=B;Dq F=> 8I@;<=:> =>F:>; K;_;:8; y(xn) IBCBF8 v*w @ =>F?;
xn ∈ [X0, Xk])

�K8P78O;:8; p�N> G>K9C?B % zn+1 8 q�N> % ẑn+1 ? =>F:>DE K;_;:8Q y(xn+1)
@ =>F?BM xn+1 ∈ [X0, Xk]q xn+1 = xn + hn, hn = θ(xn)h 8 0 < θ(xn) � 1, n = 0, 1, 2, . . . ,
zn = y(xn) 8L;D <>>=@;=<=@;::> @ @8C;

zn+1 = zn +

m∑
ν=1

bνkν(h), ‖y(xn+1)− zn+1‖ ≈ O(hp+1), v0w

ẑn+1 = zn +
m∑
ν=1

b̂νkν(h), ‖y(xn+1)− ẑn+1‖ ≈ O(hq+1), vJw

@HF8<799 kν ≡ kν(h) G> R>KDE7BD

kν = hnf

(
xn + cν hn, zn +

ν−1∑
μ=1

aνμkμ

)
, v.w

NC; bν , cν , aν,μ % GBKBD;=KH D;=>CBz hn % _BN 8:=;NK8K>@B:89)
�BI:><=V C@EM GK8P78O;:8A vEn+1 = ‖zn+1− ẑn+1‖− ?>:=K>7V:HA F7;:w 8<G>7V�

IE;=<9 r*q 0s C79 EGKB@7;:89 @;78F8:>A _BNB hn 8:=;NK8K>@B:89x

hn+1 = 0.9hn

(
���

En+1

) 1
q+1

, vTw

NC; vTw ��� % DB?<8DB7V:> C>GE<=8D>; I:BF;:8; ?>:=K>7V:>N> F7;:B)
 � .2<2MA185 >80F7 <215658 i2A15C5 45@>6B:� JT GBKBD;=K>@ bi, ci, ai,j

9@:>N> <;D8<=BC8A:>N> (m = 7) D;=>CB v0w _;<=>N> G>K9C?B C>7O:H EC>@7;=@>K9=V
rTs <8<=;D; J^ :;78:;A:HM B7N;PKB8F;<?8M EKB@:;:8A∑

ν
bνc

s
ν = 1

s+1 , s = 0, 1, . . . , 5,∑
ν
bνc

s
ν

∑
μ
aν,μcμ = 1

2 (3+s) , s = 0, 1, 2, 3,∑
ν
bνc

s
ν

∑
μ
aν,μc

2
μ = 1

3(4+s) , s = 0, 1, 2,∑
ν
bνc

s
ν

∑
μ
aν,μ

∑
ξ

aμ,ξcξ =
1

6(4+s) , s = 0, 1, 2,

∑
ν
bνc

s
ν

(∑
μ
aν,μcμ

)
·
(∑
μ
aν,μcμ

)
= 1

4(5+s) , s = 0, 1,∑
ν
bνc

s
ν

∑
μ
aν,μc

3
μ = 1

4(5+s) , s = 0, 1,∑
ν
bν
∑
μ
aν,μc

s
μ

∑
ξ

aμ,ξc
d
ξ =

1
10(s+d)(1+d) ,
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(s, d) ∈ {(0, 2), (0, 3), (2, 1), (1, 2)},∑
ν
bν
∑
μ
aν,μc

s
μ

∑
ξ

aμ,ξc
d
ξ

∑
ψ

aξ,ψc
ρ
ψ = 1

60(s+2d+2ρ) ,

(s, d, ρ) ∈ {(0, 0, 1), (1, 0, 1), (0, 1, 1)},∑
ν
bν

(∑
μ
aν,μcμ

)
·
(∑
μ
aν,μc

2
μ

)
= 1

36 , vXw∑
ν
bν
∑
μ
aν,μc

4
μ = 1

30 ,∑
ν
bν

(∑
μ
aν,μ

∑
ξ

aμ,ξcξ

)
·
(∑
μ
aν,μcμ

)
= 1

72 ,∑
ν
bνcν

∑
μ
aν,μ

∑
ξ

aμ,ξc
s
ξ =

1
24(1+s) , s = 1, 2,

∑
ν
bν
∑
μ
aν,μ

(∑
ξ

aμ,ξcξ

)
·
(∑
ξ

aμ,ξcξ

)
= 1

120 ,∑
ν
bνcν

∑
μ
aν,μ

∑
ξ

aμ,ξ
∑
ψ

aξ,ψce,ψ = 1
144 ,∑

ν
bν
∑
μ
aν,μ

∑
ξ

aμ,ξ
∑
ψ

aξ,ψc
2
ψ = 1

360 ,∑
ν
bν
∑
μ
aν,μ

∑
ξ

aμ,ξ
∑
ψ

aξ,ψ
∑
φ

aψ,φcφ = 1
720 .

�79 K;_;:89 <8<=;DH vXw 8<G>7VIEQ=<9 EGK>LBQL8; >NKB:8F;:89 r,q +s @8CB

w−1∑
ν=1

aw,νc
τ
ν =

cτ+1
w

τ + 1
, τ = 0, 1, 2,

m∑
ν=3

bνc
ξ
νaν,2 = 0, ξ = 1, 2, v^w

m∑
ν=s+1

bνaν,s = bs (1− cs) , s = 1, . . . ,m− 1.

�B?>A <><=B@ EGK>LBQL8M >NKB:8F;:8A :; <7EFB;:) �D;::> >NKB:8F;:89 v^w >P;<G;�
F8@BQ= <>@D;<=:><=V <8<=;DH *00. :;78:;A:HM EKB@:;:8A vE<7>@8A _;<=>N> G>K9C?Bw
GK8 G><=K>;:88 <=KE?=EK:HM D;=>C>@ r*1q **s)

�K8D;:;:8; v^w ? <8<=;D; vXw < >C:>@K;D;::>A GK>@;K?>A :B <>@D;<=:><=V KB<_8�
K;::>A <8<=;DH�<7;C<=@89 vXwq v^w G>I@>79;= <@;<=8 IBCBFE G>8<?B K;_;:89 8<M>C:>A
<8<=;DH vXw ? K;_;:8Q <8<=;DH�<7;C<=@89x

c1 = 0, c7 = 1, b2 = 0, a2,1 = c2, c3 =
3 c2
2
, c4 =

6 c2
135 c22 − 60 c2 + 8

, v,w

m∑
ν=1

bνc
s
ν =

1

s+ 1
, s = 0, 1, . . . , 5, v+w

w−1∑
ν=1

aw,νc
r
ν =

cr+1
w

r + 1
, w = 3, . . . , 6, r = 0, 1, 2, v*1w

m∑
ν=3

bνc
r
νaν,2 = 0, r = 0, 1, 2, v**w
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m∑
ν=s+1

bνaν,s = bs (1− cs) , s = 3, . . . , 6, v*0w

m∑
ν=4

bνcν

ν−1∑
μ=3

aν,μc
3
μ =

1

24
. v*Jw

3NKB:8F;:89 v,w :B GBKBD;=KH c3, c4, c7 >P;<G;F8@BQ= <>@D;<=:><=V <8<=;DH�<7;C�
<=@89 vXwq v^w) �K8F;D K;_;:8; <8<=;DH v,wtv*Jw <@>C8=<9 ? G><7;C>@B=;7V:>DE K;�
_;:8Q C@EM <8<=;D) �;_;:8; G;K@>A % v+w v78:;A:>A >=:><8=;7V:> bνw % G>I@>79;=
@HKBI8=V @;<>@H; GBKBD;=KH bν F;K;I <@>P>C:H; GBKBD;=KH c2, c5, c6x

b3 = ((3240−5400 c6)c5+3240c6−2160)c2
2+((2880 c6−1680)c5−1680c6+1104)c2+(192−320c6)c5+192c6−128

c22(405c2−270c5)(3c2−2c6)(405 c23−450c22+132c2−8)
,

b4=
(30 c2c5c6−15 c2c5−15 c2c6−10 c5c6+9 c2+6 c5+6 c6−4)(135 c2

2−60 c2+8)5

c22(145 800 c22−71 280 c2+8640)(135 c22c6−60 c2c6−6 c2+8 c6)(135 c22c5−60 c2c5−6 c2+8 c5)(135 c22−60 c2+4)
,

b5 =
(45 c2

2−30 c2+4)(45 c2c6−27 c2−12 c6+8)

60c5(1−c5)(135 c22c5−60 c2c5−6 c2+8 c5)(c6−c5)(3 c2−2 c5)
, h�
i

b6 =
(45 c2

2−30 c2+4)(45 c2c5−27 c2−12 c5+8)

60 c6(1−c6)(2 c6−3 c2)(c6−c5)(135 c22c6−60 c2c6−6 c2+8 c6)
,

b7 = M(c2,c5,c6)

60(3c2−2)(135c22−66c2+8)(1−c5)(1−c6)
, b1 = 1−

7∑

ν=3

bν ,

NC;

M(c2, c5, c6) = (8100 c5c6 − 6075 c5 − 6075 c6 + 4860)c2
3 − (8190 c5c6 −

− 6300 c5 − 6300 c6 + 5130)c2
2 + (2520 c5c6 −

− 1980 c5 − 1980 c6 + 1632)c2 − 240 c5c6 + 192 c5 + 192 c6 − 160.

�K8 =B?8D >PKBI>D >GK;C;7;::HM bν ><=B@_8;<9 EKB@:;:89 <8<=;DH�<7;C<=@89 v*1wt
v*Jw 78:;A:H >=:><8=;7V:> aν,μ 8 D>NE= PH=V @HKBO;:H F;K;I <@>P>C:H; GBKBD;=KH
c2, c5, c6x

a3,2 = 9 c2
8

, a4,2 =
18c2 (405 c2

2 − 180 c2 +16)
(135 c22 − 60 c2 +8)3

, a4,3 = − 24 c2(135 c2
2 −60 c2 +4)

(135 c22−60 c2 +8)3
,

a5,3 =
c5(3 c2−2 c5)(8100 c2

3c5−1620 c2
3−5220 c2

2c5 +720 c2
2+960 c2c5−24 c2−64 c5)

27 c22(45 c22−30 c2 +4)(135 c22−60 c2 +4)
,

a5,4 =
c5(3 c2− 2 c5)(135 c2

2c5−60 c2c5−6 c2+8 c5)(135 c2
2− 60 c2+8)2

108 c22(45 c22−30 c2 +4)(135 c22−60 c2 +4)
,

a5,2 = 15 c5
3− 15 c5

2 +3 c5
45 c22−30 c2 +4

, a6,2 = 15 c6
3−15 c6

2+3 c6
45 c22− 30 c2 +4

,

a7,2 = ((405 c6−270)c5−270 c6 +189)c2+(84−120 c6)c5 +84 c6−60
M(c2,c5,c6)

,

a7,3 =
4(3c2−2)Q7,3(c2,c5,c6)

27c22(3c2−2c5)(3c2−2c6)(135c22−60c2 +4)M(c2,c5,c6)
,

a7,4 =
(3 c2−2)(15 c2−4)(9 c2−2)(135 c2

2−60 c2 +8)2Q7,4(c2,c5,c6)

108c22(135c22−60c2 +4 )(135c22c6−60c2c6−6c2+8c6)(135c22c5−60c2c5−6c2+8c5)M(c2,c5,c6)
,

a7,5 =
(3c2−2)(9c2−2)(15c2−4)(1−c5)Q7,5(c2,c5,c6)

c5(3c2−2c5)(135 c22c5−60 c2c5−6c2+8c5)(c5−c6)M(c2,c5,c6)
,

h��i

a6,3 =
b3(1− c3)− b4a4,3 − b5a5,3 − b7a7,3

b6
, a6,4 =

b4(1− c4)− a5,4b5 − a7,4b7
b6

,
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a6,5 =
b5(1− c5)− b7a7,5

b6
, a7,6 =

(1− c6) b6
b7

, ai,1 = ci −
i−1∑

ν=2

ai,ν , i = 3, . . . , 7,

NC; Q7,ν(c2, c5, c6)vν = 3, 4, 5w % D:>N>F7;:Hq @@;C;::H; C79 G>7:>N> 8 ?>DGB?=:>N>
GK;C<=B@7;:8A G><=K>;::>N> <;D;A<=@B K;_;:8A <8<=;DH vXwv<;D;A<=@> <;D8<=BC8A�
:HM KB<F;=:HM <M;D _;<=>N> G>K9C?Bwx

Q7,3(c2, c5, c6) =
(
328 050c26c5c6 − 218 700c25c52c6 − 218 700c25c5c62 + 1239 300c24c52c62 −

− 164 025c26c5 + 328 050c26c6 − 218 700c25c52 − 364 500c25c5c6 − 218 700c25c62 −

− 1433 700c24c52c6 − 1433 700 c24c5c62 − 1231 200c23c52c62 − 229 635c26 + 783 675c25c5 −

− 222 345c25c6 + 906 390c24c52 + 2629 260c24c5c6 + 906 390c24c62 + 1573 020c23c52c6 +

+1573 020c23c5c62 + 440 640c22c52c62 + 87 480c25 − 1805 490c24c5 − 993 870c24c6 −

− 766 260c23c52 − 2511 000c23c5c6 − 766 260c23c62 − 586 440c22c52c6 − 586 440c22c5c62 −

− 67 680c2c52c62 + 501 228c24 + 1359 720c23c5 + 1027 296 c23c6 + 263 088 c22c52 +

+908 784c22c5c6 + 263 088c22c62 + 92 736c2c52c6 + 92 736c2c5c62 + 3840c52c62 −

− 480 816c23 − 447 984c22c5 − 374 544c22c6 − 40 320c2c52 − 143 136c2c5c6 − 40 320c2c62 −

− 5376c52c6 − 5376c5c62 + 169 920c22 + 67 584c2c5 + 59 232 c2c6 + 2304 c52 +

+8320 c5c6 + 2304 c62 − 26 496 c2 − 3840 c5 − 3456 c6 + 1536
)
,

Q7,4(c2, c5, c6) =
(
3280 500 c25c52c62 − 4100 625 c25c52c6 − 4100 625 c25c5c62 − 4009 500 c24c52c62 +

+5904 900 c25c5c6 + 1640 250 c25c62 + 5175 900 c24c52c6 + 5175 900 c24c5c62 + 2008 800 c23c52c62 −

− 2624400 c25c5 − 2296 350 c25c6 − 2150 550 c24c52 − 7654 500 c24c5c6 − 2150 550 c24c62 −

− 2656 800 c23c52c6 − 2656 800 c23c5c62 − 518 400 c22c52c62 + 984 150 c25 + 3499 200 c24c5 +

+3047 220 c24c6 + 1127 520 c23c52 + 3998 160 c23c5c6 + 1127 520 c23c62 + 699 840 c22c52c6 +

+699 840 c22c5c62 + 69 120 c2c52c62 − 1326 780 c24 − 1854900 c23c5 − 1615 140 c23c6 −

− 300 240 c22c52 − 1066 320 c22c5c6 − 300 240 c22c62 − 95 040 c2c52c6 − 95 040 c2c5c62 −

− 3840 c52c62 + 710 208 c23 + 497 520 c22c5 + 435 744 c22c6 + 40 896 c2c52 + 146 112 c2c5c6 +

+40 896 c2c62 + 5376 c52c6 + 5376 c5c62 − 192 816 c22 − 68 064 c2c5 − 60 288 c2c6 −

− 2304 c52 − 8320 c5c6 − 2304 c62 + 26784 c2 + 3840 c5 + 3456 c6 − 1536
)
,

Q7,5(c2, c5, c6) =
(
45 c22 − 30 c2 + 4

)(
45 c2c62 − 9 c2c5 − 63 c2c6 − 12 c62 + 27 c2 + 2 c5 + 18 c6 − 8

)
.

�K8@;C;::>; K;_;:8; v,wq v*.wq v*Tw <8<=;DH�<7;C<=@89 v,wtv*Jw 9@79;=<9 =K;M�
GBKBD;=K8F;<?8D <;D;A<=@>D <;D8<=BC8A:HM 9@:HM D;=>C>@ _;<=>N> G>K9C?B =8GB
�E:N;%�E==H v&-Xw) - @ BPPK;@8B=EK; D;=>CB &- <>>PLB;= > 8<G>7VIE;D>D :B�
P>K; EGK>LBQL8M >NKB:8F;:8A v^w GK8 G><=K>;:88 <;D;A<=@B D;=>C>@)

�CDEFGH �
I�� 
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6HP>K <@>P>C:HM GBKBD;=K>@ c2, c5, c6 G>CF8:9;=<9 <7;CEQL8D =K;P>@B:89Dx
*w >NKB:8F;:89 :B EI7>@H; GBKBD;=KH 0 � ci � 1, i = 1, . . . ,m, G>I@>79Q= v< EF;�

=>D v,ww >NKB:8F8=V >P7B<=V >GK;C;7;:89x c2 ∈
(
0, 29

)
∪
(

4
15 ,

2
3

)
z

0w I:BD;:B=;78 @ GK;C<=B@7;:88 GBKBD;=K>@ v,wq v*.wq v*Tw >=78F:H >= :E79z
Jw @;<>@H; GBKBD;=KH v*.w C>7O:H EC>@7;=@>K9=V :;KB@;:<=@E 0 � bi � 1, i =

1, . . . ,m.
$� .2<2MA185 8D5V200F7 <215658 ��Kl%m� �BKBD;=KH cν , b̂ν , bν , aν,μ @7>�

O;::>N> <;D8<=BC8A:>N> D;=>CB v0wtv.w _;<=>N> 8 F;=@;K=>N> G>K9C?>@ C>7O:H >C�
:>@K;D;::> EC>@7;=@>K9=V <8<=;D; J^ EKB@:;:8A vXw C79 GBKBD;=K>@ cν , bν , aν,μ 8 <8�
<=;D; , EKB@:;:8A ∑

ν

b̂νc
r
ν =

1

r + 1
, r = 0, 1, 2, 3,

∑
ν

b̂ν
∑
μ

aνμcμ =
1

6
,

∑
ν

b̂νcν
∑
μ

aνμcμ =
1

8
, v*Xw

∑
ν

b̂ν
∑
μ

aνμc
2
μ =

1

12
,

∑
ν

b̂ν
∑
μ

aνμ
∑
k

aμkck =
1

24

C79 GBKBD;=K>@ cν , b̂ν, aν,μ)
�K8 EO; G><=K>;::>D <;D;A<=@; v,wq v*.wq v*Tw <;D8<=BC8A:HM D;=>C>@ _;<=>N>

G>K9C?B 8 >GK;C;7;::HM I:BF;:89M GBKBD;=K>@ bν(c2, c5, c6), aν,μ(c2, c5, c6) IBCBFB <@>�
C8=<9 ? G>8<?E K;_;:89 <8<=;DH v*Xw)

�8:;A:B9 >=:><8=;7V:> b̂ν <8<=;DB v*Xw < EF;=>D @HG>7:;:89 >NKB:8F;:8A b̂2 = 0q∑
μ aνμc

r
μ = cν/(r + 1), r = 0, 1, 2, GK8@>C8=<9 ? 78:;A:>A <8<=;D; G9=8 EKB@:;:8A

7∑
ν=1

b̂νc
r
ν =

1

r + 1
, r = 0, 1, 2, 3,

7∑
ν=4

b̂ν

ν−1∑
μ=3

aνμc
2
μ =

1

12
.

�; K;_;:8; <EL;<=@E;= 8 >PKBIE;= F;=HK;MGBKBD;=K8F;<?>; <;D;A<=@> b̂ν(c2, c5, c6, b̂6).
3NKB:8F8D<9 IC;<V GK;C<=B@7;:8;D FB<=:>N> K;_;:89 CB::>N> <;D;A<=@Bq G>7>�

O8@ c2 = 2/15, c5 = 2/3, c6 = 4/5 8 b̂6 = η ∈ R. U=> >C:>GBKBD;=K8F;<?>; <;D;A<=@>
@7>O;::HM D;=>C>@ &-Xv.w^

[
η
]
GK;C<=B@7;:> @ =BP7) *)

�79 GK>@;C;:89 <KB@:8=;7V:>N> =;<=8K>@B:89 G><=K>;:H KB<F;=:H; <M;DH GK8

GBKBD;=K� η = 5
21 % &-Xv.w^

[
5
21

]
v=BP7) 0w 8 &-Xv.w^

[
− 625

96

]
v=BP7) Jw GK8 η = − 625

96 .
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r=^AI:= "� ����� ���	
��[η]

cw aw,g bw b̂w

0 7
96

21
25
η − 1

12

2
15

2
15

0 0

1
5

1
20

3
20

125
672

625
672

− 4η

1
3

11
108

−5
36

10
27

27
112

108
25
η − 9

16

2
3

23
54

− 5
18

− 35
54

7
6

27
112

9
14

− 54
25
η

4
5

− 83
125

3
5

9
5

− 189
125

72
125

125
672

η

1 23
28

− 15
28

− 80
49

108
49

− 18
49

25
49

7
96

7
96

r=^AI:= $� ����� ���	
��[ 5
21

]

cw aw,g bw b̂w

0 7
96

7
60

2
15

2
15

0 0

1
5

1
20

3
20

125
672

− 5
224

1
3

11
108

−5
36

10
27

27
112

261
560

2
3

23
54

− 5
18

− 35
54

7
6

27
112

9
70

4
5

− 83
125

3
5

9
5

− 189
125

72
125

125
672

5
21

1 23
28

− 15
28

− 80
49

108
49

− 18
49

25
49

7
96

7
96

r=^AI:= 1� ����� ���	
��[− 625
96

]

cw aw,g bw b̂w

0 7
96

− 533
96

2
15

2
15

0 0

1
5

1
20

3
20

125
672

18125
672

1
3

11
108

−5
36

10
27

27
112

− 459
16

2
3

23
54

− 5
18

− 35
54

7
6

27
112

1647
112

4
5

− 83
125

3
5

9
5

− 189
125

72
125

125
672

− 625
96

1 23
28

− 15
28

− 80
49

108
49

− 18
49

25
49

7
96

7
96

%� .2<2MA185 8D5V200F7 <215658 Kl%mbG� �BKBD;=KH cν , b̂ν, bν , aν,μ @7>�
O;::>N> @><VD8<=BC8A:>N> vm = 8w D;=>CB v0wtv.w _;<=>N> 8 F;=@;K=>N> G>K9C?>@
&-Xv.w,o C>7O:H >C:>@K;D;::> EC>@7;=@>K9=V <8<=;D; .T EKB@:;:8A vXwq v*Xw) �;B�
78IBS89 =;M:>7>N88 o-`# :B?7BCH@B;= :B GBKBD;=KH @><VD>A <=BC88 D;=>CB C>G>7�
:8=;7V:H; >NKB:8F;:89x

c8 = 1, b8 = 0, a8,μ = bμ, μ = 1, . . . , 7. v*^w

6 KBD?BM =K;MGBKBD;=K8F;<?>N> <;D;A<=@B v,wq v*.wq v*Tw <;D8<=BC8A:HM D;=>C>@
_;<=>N> G>K9C?B GK8 >GK;C;7;::HM I:BF;:89M GBKBD;=K>@ bν(c2, c5, c6), aν,μ(c2, c5, c6),

c3(c2), c4(c2) IBCBFB @HF8<7;:89 GBKBD;=K>@ @7>O;::>N> D;=>CB b̂ν F;=@;K=>N> G>K9C�
?B <@>C8=<9 ? G>8<?E K;_;:89 <8<=;DH v*Xwq ?>=>KB9 < EF;=>D @HG>7:;:89 EGK>LBQ�

L8M >NKB:8F;:8A b̂2 = 0,
∑

μ aνμc
r
μ = cν/(r+1), r = 0, 1, 2, 8 KB@;:<=@ v*^w GK8@>C8=<9

? 78:;A:>A <8<=;D;
8∑

ν=1

b̂νc
r
ν =

1

r + 1
, r = 0, 1, 2, 3,

v*,w
8∑

ν=4

b̂ν

ν−1∑
μ=3

aνμc
2
μ =

1

12
.

�;_;:8; <8<=;DH v*,w <EL;<=@E;= 8 >PKBIE;= G9=8GBKBD;=K8F;<?>; <;D;A<=@>

b̂ν(c2, c5, c6, b̂5, b̂6), ν = 1, . . . , 8.
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6 =BP7) . GK;C<=B@7;:> C@EMGBKBD;=K8F;<?>; G>CD:>O;<=@> <;D;A<=@B &-Xv.w,o

rψ, ηsq G><=K>;::>; GK8 c2 = 2/15, c5 = 2/3, c6 = 4/5 8 b̂5 = ψ, b̂6 = η)
�79 GK>@;C;:89 =;<=8K>@B:89 8<G>7VI>@B7B<V KB<F;=:B9 <M;DB &-Xv.w,o

v=BP7) Twq G>7EF;::B9 GK8 GBKBD;=KBM ψ = −5157/112, η = 3875/96 )

r=^AI:= W� ����� ���	
�����ψ, η�

cw aw,g bw b̂w

0 7
96

5
12

− 7
9
ψ − 21

25
η

2
15

2
15

0 0

1
5

1
20

3
20

125
672

125
36
ψ + 7

2
η − 125

96

1
3

11
108

−5
36

10
27

27
112

27
16

− 7
2
ψ − 81

25
η

2
3

23
54

− 5
18

− 35
54

7
6

27
112

ψ

4
5

− 83
125

3
5

9
5

− 189
125

72
125

125
672

η

1 23
28

− 15
28

− 80
49

108
49

− 18
49

25
49

7
96

49
36
ψ + 147

50
η − 77

96

1 7
96

0 125
672

27
112

27
112

125
672

7
96

0 1− 14
9
ψ − 84

25
η

r=^AI:= #� ����� ���	
����

cw aw,g bw b̂w

0 7
96

223
96

2
15

2
15

0 0

1
5

1
20

3
20

125
672

− 13375
672

1
3

11
108

−5
36

10
27

27
112

513
16

2
3

23
54

− 5
18

− 35
54

7
6

27
112

− 5157
112

4
5

− 83
125

3
5

9
5

− 189
125

72
125

125
672

3875
96

1 23
28

− 15
28

− 80
49

108
49

− 18
49

25
49

7
96

5299
96

1 7
96

0 125
672

27
112

27
112

125
672

7
96

0 −63

,� .@:80/12DU052 12A1/@58:0/2� 7 -!.� % 4*?.# 6�
 �7><?>; C@8O;:8;
?><D8F;<?>N> BGGBKB=B v��w < ?>>KC8:B=BD8 (x1, x2) @ NKB@8=BS8>::>D G>7;q <>ICB�
@B;D>D ];D7;A (0, 0) 8 �E:>A (1, 0), >G8<H@B;=<9 r0s <8<=;D>A >PH?:>@;::HM C8RR;�
K;:S8B7V:HM EKB@:;:8A

ẍ1 = x1 + 2ẋ2 − μ′x1 + μ

D1
− μx1 − μ

′

D2
,

ẍ2 = x2 − 2ẋ1 − μ′ x2
D1
− μ x2

D2
,

v*+w

NC; D1 = ((x1 + μ)2 + x22)
3/2; D2 = ((x1 − μ′)2 + x22)

3/2; μ = 0.012277471; μ′ = 1− μ.
�K8 :BFB7V:HM E<7>@89M

x(0) = (0.994, 0), ẋ(0) = (0, 2.00158510637908252240537862224) v01w

�� C@8O;=<9 G> >KP8=; < G;K8>C>D Tper = 17.0652165601579625588917206249)
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6 <KB@:8=;7V:>D =;<=8K>@B:88 :BK9CE < GK;C<=B@7;::HD8 IC;<V @7>O;::HD8 D;�

=>CBD8 v&-Xv.w^
[

5
21

]
v<D) =BP7) 0wq &-Xv.w^

[
− 625

96

]
v<D) =BP7) Jwq &-Xv.w,o v=BP7) Tww

_;<=>N> G>K9C?B @ ?BF;<=@; >GG>:;:=>@ GK8 K;_;:88 IBCBF8 v*+wq v01w 8<G>7VI>@B78
D;=>CH =>N> O; ?7B<<B v&Tv.w^e ≡ d4abTv.w^oq&Tv.w^- r.sq &XvTw,e rTsw)

6HF8<7;:89 @HG>7:978<V < F8<7BD8 < G7B@BQL;A IBG9=>A 8 DB:=8<<>A C78:>A
J1) 
B?<8DB7V:> C>GE<=8D>; I:BF;:8; ?>:=K>7V:>N> F7;:B tol v<D) vTww 8ID;:97><V @

C8BGBI>:; tol ∈ [10−24, 10−4] C79 @<;M KB<F;=:HM <M;D v&-Xv.w^
[

5
21

]
v<D) =BP7) 0wq

&-Xv.w^
[
− 625

96

]
v<D) =BP7) Jwq &-Xv.w,o v=BP7) Twq &Tv.w^e ≡ d4abTv.w^oq

&Tv.w^- r.sq &XvTw,e rTsw < ;C8:HD B7N>K8=D>D vTw @HF8<7;:89 _BNB 8:=;NK8�
K>@B:89)

�B K8<) *q �� - 8 K8<) 0 GK8@;C;:H IB@8<8D><=8 G>7:>A G>NK;_:><=8 Errglob >=
>PL;N> ?>78F;<=@B @HF8<7;:8A GKB@>A FB<=8 Nf :B 8:=;K@B7; [0, Tper])

MG2� <� {AH>;>LG;<S =GCLP −lg ||Errglob || QGI=GW QGFC:Z=G;<>

G< ?GI>U:;<HA HPU>;I:=>W QCAHGW UA;<> Nf JIK CAT=PY CA;U:<=PY ;Y:L

�LD�CEF�C D�CO�@ 	 c 3R�B[2],+ 3RB[Z]�V+ 3RZ[2],Vr ^ c 3RB[Z]�V+ 3R�B[2]�4+ 3RZ[2],��

�B?7>:H 7>DB:HM :B K8<) *q �� - G>?BIH@BQ=q F=> C79 @<;M GK;C7>O;::HM @ KB�
P>=; D;=>C>@ IB@8<8D><=V N7>PB7V:>A G>NK;_:><=8 Errglob >= F8<7B >PKBL;:8A Nf
? GK>S;CEKBD @HF8<7;:89 GKB@HM FB<=;A 8D;;= _;<=>A G>K9C>?)

�B K8<) 0 @<; =K8 ?K8@H; C79 D;=>C>@ v&-Xv.w^
[

5
21

]
v<D) =BP7) 0wq &-Xv.w^

[
− 625

96

]
v<D) =BP7) Jwq &-Xv.w,o v=BP7) Tww <78@BQ=<9 @ >C:E &-Xv.w,o)

K� [:BD\E20/2� �;IE7V=B=H <KB@:8=;7V:>N> =;<=8K>@B:89 GK8 K;_;:88 =;<=>�
@>A IBCBF8 v*+wq v01w C;D>:<=K8KEQ= @H<>?EQ �RR;?=8@:><=V GK;C<=B@7;::HM @ KB�

P>=; @7>O;::HM KB<F;=:HM <M;D v&-Xv.w^
[

5
21

]
q &-Xv.w^

[
− 625

96

]
q &-Xv.w,ow) �79

C><=8O;:89 >C:>A 8 =>A O; G>7:>A G>NK;_:><=8 �=8 D;=>CH =K;PEQ= D;:V_;N> ?>�
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MG2� =� {AH>;>LG;<S ?GI>U:;<HA HPU>;I:=>W QCAHGW UA;<> Nf

G< =GCLP −lg ||Errglob || QGI=GW QGFC:Z=G;<>

78F;<=@B @HF8<7;:8A GKB@>A FB<=8q F;D D;=>CH�>GG>:;:=H v&-XvTw,eq &Tv.w^eq
&Tv.w^-w)

3��4���5��

�� TF8f=BQB i� e�V �=A?@SIB >� c� �GDKCFFQC JC�CFGC QI�HFQwCFF�� MGPPCJCFxGLK�F��
tJLwFCFGv FL �QJEJLFC� ��@ �{M	wQ �QDH� uQD� tF	EL+ �..0� 11B D�

;� �=GF?F v�V R?FU?@@ >�V X=BB?F b� �C�CFGC QI�HFQwCFF�� MGPPCJCFxGLK�F�� tJLwFCFGv�
�C�CDEHGC {LML�G A �CJ� D LFuK� �� �� �tK��GxHQuQ+ �� l� �GKG��QwLr �QM JCM� �� l� �GKG��QwL�
��@ �GJ+ �..0� Z�; =� [m	��� 5�V ������� ��V s	���� \� �6<)('$ 6 5('% * 5(j� �'�(%< �k#%�(6'!�]

1� (������� 5� l<%!!(=%< �e�>	+ !(_�>	+ !�)�'�>	+ %'5 �($>�> 6 5� 3#'$�cR#��% e6 Y#<%! W(�> !��?
!(X� =6'� 6<@ S^�^ g�=>'(=%< 3�?6 �� �.B�� S ;�, AA l6Y?#�('$� �.B.� 6̀<� 2� �� .1-�0B�

2� K������  � �� l6�o=(�'�! e6 �>� !�#5* 6e 3#'$�cR#��% ('��$ %�(6' ? 6=�!!�! AA ~6# '%< 6e �>�
^#!� %<(%' V%�>�Y%�(=%< �6=(��*� �.B1� 6̀<� 1� �� ��Z-;0��

Z� K������  � �� 7' 3#'$�cR#��% ? 6=�!!�! 6e >($> 6 5� AA ~6# '%< 6e �>� ^#!� %<(%' V%�>�Y%	
�(=%< �6=(��*� �.B2� 6̀<� 2� �� �,.-�.2�

B� ,���	�
  � !�V ����� ��  � ^ e%Y(<* 6e �Y"�55�5 3#'$�cR#��% e6 Y#<%� AA ~6# '%< 6e l6Y	
?#�%�(6'%< %'5 ^??<(�5 V%�>�Y%�(=!� �.�0� 6̀<� B� \!!� �� �� �.-;B�

,� ,���	�
  � !�V ����� ��  � �($> 6 5� �Y"�55�5 3#'$�cR#��% e6 Y#<%� AA ~6# '%< 6e l6Y	
?#�%�(6'%< %'5 ^??<(�5 V%�>�Y%�(=!� �.��� 6̀<� ,� \!!� �� �� B,-,Z�

�� *������� '� ��V 5���� �� �� ^<$6 (�>Y 6e =6'!� #=�(6' 6e �j�=�()� �_?<(=(� Y��>65! e6 !� #=	
�# %<<* ?% �(�(6'�5 !*!��Y! 6e 6 5('% * 5(j� �'�(%< �k#%�(6'! AA �CDEFGH �LFHE	
CECJItJuDHQuQ tFGwCJ	
DGECEL� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL� 
JQxCDD� t�JLwKCFGN� ;0;�� �� �,� ���� 2� �� 1Z1-
1B.� >��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0;��202

.� 5���� �� ��V .��������� �� ��V *������� '� �� ^' �_?<(=(� 6'�	!��? Y#<�(!=>�Y� !(_�> 6 5� 
Y��>65 e6 !*!��Y! 6e !?�=(%< !� #=�# � AA ^??<(�5 V%�>�Y%�(=! %'5 l6Y?#�%�(6'� ;0�.� 6̀<� 12,� �� �Z1-
�B2�

�0� iA?`US;G ]� X�V 7;<FIzB�_ R� T� �COCvDEwQ �CDEG�EL�F�� OCEQMQw �CDEQuQ �QJNMHL AA
�CDEFGH �LFHE	
CECJItJuDHQuQ tFGwCJDGECEL� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL� 
JQxCDD�
t�JLwKCFGN� ;0��� �� �2� ���� 1� �� ;�Z-;;.� >��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0���101

��� iA?`US;G ]� X�V 7;<FIzB�_ R� T�V cIFgAIB= i� >� �wt��LJLOCEJG�CDHQC DCOCvDEwQ OC	
EQMQw �CDEQuQ �QJNMHL GFECuJGJQwLFGN DGDECO QI�HFQwCFF�� MGPPCJCFxGLK�F�� tJLwFCFGv AA
�CDEFGH �LFHE	
CECJItJuDHQuQ tFGwCJDGECEL� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL� 
JQxCDD�
t�JLwKCFGN� ;0�.� �� �Z� ���� 2� �� Z0;-Z�,� >��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0�.�20,

0+. �CDEFGH �
I�� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;



�ELE�N �QDEt�GKL w JCMLHxG� �; NFwLJN ;0;� u�
lELE�N �JGFNEL H �C�LEG Z OLN ;0;; u�

�Q F E L H EF L N G FPQ JO L x G N@

iA?`US;G ]D;FE XA=PI`IF;<IJ c M	J PG{�	OLE� FLtH+ �JQP�r (�6<�Y!/6hs!?"#� #

cIFgAIB= iSU=B= >?FD??<B= c HLFM� PG{�	OLE� FLtH+ DE� �JC��r 6�� #<('%s!?"#� #

r8`S= iA?D TB=@;AE?<IJ c DE� �JC��r �#Y/%�6<�$s %Y"<� � #

G������� �	 �������� ��
���� �	 ����� ��(

K� �� X�������) X� 
� ;�������) X� �� _����

�� ���� !"# $ ��%�� &'()� !(�*+ ,-.+ &'()� !(���!/%*% '%"�+ �� ���� !"# $+
�..012+ 3#!!(%' 4�5� %�(6'

��� ��������	 g$�!�,� 8� v�� |"� �$")� g� ��� 4�!,� g� c� |�!"$"�� �� �!%�''�' !����'� ��
��'�� �"7� ������� �	 
���� �������� ���������� ������� ������������ ������� 
������� ����U
�� ��������� 	�		� ��$� �.� "��� 	� ��� 	.�/	�3�
�����011'�"���21���	�3.1�����1��%����	�		�	�� h8) ����"�)i

8) ��� ����� �!%�''�' !����'� �� ��'�� �"7� 5"�� ����) ���2�� ��� ��$�")2 � ���!� �� ��&
'")�� '"����)�"�$ �#���"�)�� ��� '��"��'� c ��!"$ �� ��)2�+����� !����'�� �� ��'�� �"7
5"�� ����) ���2�� �)' ���")2 ����� ���� ����!������ "� �����)��'� 4�"� ��!"$ "� �7��)'�' ")
�5� '"����)� 5� � 5"�� �!%�''�' !����'� �� ���! ��!"$"�� �� �!%�''�' !����' ��"��� b�&
!��"��$ ��!���"��) "� 2"��) ��� �����") �7�!�$�� �� ��� �!%�''�' ��"�� ���! ��� ��)�������'
��!"$"���

�������0 ����� ���%$�!� �!%�''�' !����'�� ����� ��)���$� ��'��� ���2�� ��'�� ��)'"�"�)��
�"!�$"� ")2 ��)'"�"�)��


��������

�� ^ #!>%'*%' 7� f�+ a%<��/(' �� 4� ��������� ������� ������������� 
{������	�p���� ��	����
�	 (����	�� T������	� ������� �� ��
�	�� 
{�����	� �M�	���� �� (����	�U� V6!=6W+ V6!=6W
&'()� !(�* � �!!+ �..0+ 11B ?� [\' 3#!!(%']

;� �%( � i�+ S� !��� �� ��+ }%''� 9� !������ ������������� 
{������	�p���� ��	���)
�� '� ��������� �	
	�� T������ ��
�	�� 
{�����	� �M�	���� '� �����{ ��������U� i5� 1� f� <('+
��(5�<"� $+ �? ('$� 	 �̀ <%$ �#"<�+ ;00�+ Z;� ?� [3#!� �5�@ �%( � i�+ S� !��� ��+ }%''� 9� !������
������������� 
{������	�p���� ��	����� '� ��������� �	
	��� V6!=6W+ V( �#"<�+ �..0+ Z�; ?�]

1� 4�><"� $ i� l<%!!(=%< �e�>	+ !(_�>	+ !�)�'�>	 %'5 �($>�> 6 5� 3#'$�cR#��% e6 Y#<%! W(�> !��?
!(X� =6'� 6<� S^�^ g�=>'(=%< 3�?6 �+ �.B�+ '6� ;�,� ��������+ �.B.+ )6<� 2+ ??� .1-�0B�

2� f#�=>� ~� l� l6�o=(�'�! e6 �>� !�#5* 6e 3#'$�cR#��% ('��$ %�(6' ? 6=�!!�!�  ����	� �� ���
�����	�	� �	����	��	� ������+ �.B1+ )6<� 1+ ??� ��Z-;0��

Z� f#�=>� ~� l� 7' 3#'$�cR#��% ? 6=�!!�! 6e >($> 6 5� �  ����	� �� ��� �����	�	� �	����	��	�
������+ �.B2+ )6<� 2+ ??� �,.-�.2�

B� n6 Y%'5 ~� 3�+ � ('=� �� ~� ^ e%Y(<* 6e �Y"�55�5 3#'$�cR#��% e6 Y#<%��  ����	� �� �����)
�	���	� 	�
 �����
 �	����	���+ �.�0+ )6<� B+ (!!� �+ ??� �.-;B�

,� n6 Y%'5 ~� 3�+ � ('=� �� ~� �($> 6 5� �Y"�55�5 3#'$�cR#��% e6 Y#<%��  ����	� �� �����)
�	���	� 	�
 �����
 �	����	���+ �.��+ )6<� ,+ (!!� �+ ??� B,-,Z�

�� 7<�Y!/6* \� `�+ i �Y(' ^� �� ^<$6 (�>Y 6e =6'!� #=�(6' 6e �j�=�()� �_?<(=(� Y��>65! e6 !� #=�# %<<*
?% �(�(6'�5 !*!��Y! 6e 6 5('% * 5(j� �'�(%< �k#%�(6'!� ������ �� �	�� ���������� ����������� �����

�	����	���� �������� �������� ������� ���������+ ;0;�+ )6<� �,+ (!!� 2+ ??� 1Z1-1B.�
>��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0;��202

.� i �Y(' ^� ��+ R6) (X>'*/> S� ^�+ 7<�Y!/6* \� `� ^' �_?<(=(� 6'�	!��? Y#<�(!=>�Y� !(_�> 6 5� 
Y��>65 e6 !*!��Y! 6e !?�=(%< !� #=�# �� �����
 �	����	��� 	�
 ������	���+ ;0�.+ )6<� 12,+ ??� �Z1-
�B2�

�CDEFGH �
I�� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ; 0+T



�0� 7<�Y!/6* \� `�+ R6) (X>'*/> S� ^� ��Y�*!�)6 !>�!�(��%?'*/> Y��656) !>�!�6$6 ?6 *%5/% T^ e%	
Y(<* 6e !(_�>	6 5� Y��>65! W(�> !(_ !�%$�!U� ������ �� �	�� ���������� ��������� �����
 �	����	����
�������� �������� ������� ���������+ ;0��+ )6<� �2+ (!!� 1+ ??� ;�Z-;;.�
>��?!@AA56(�6 $A�0�;�B1�A��,0�A!?"#�0�;0���101 [\' 3#!!(%']

��� 7<�Y!/6* \� `�+ R6) (X>'*/> S� ^�+ 4( *#<('% 7� �� n)#/>?% %Y�� (=>�!/6*� !�Y�*!�)6 Y��656)
!>�!�6$6 ?6 *%5/% ('��$ ( 6)%'(*% !(!��Y 6"*/'6)�''*/> 5(j� �'�!(%<'*/> # %)'�'(* TgW6	?% %Y�� (=
e%Y(<* 6e !(_�> 6 5� '#Y� (=%< Y��>65! e6 !6<)('$ !*!��Y! 6e 6 5('% * 5(j� �'�(%< �k#%�(6'!U� ������ ��
�	�� ���������� ��������� �����
 �	����	���� �������� �������� ������� ���������+ ;0�.+ )6<� �Z+
(!!� 2+ ??� Z0;-Z�,� >��?!@AA56(�6 $A�0�;�B1�A��,0;A!?"#�0�;0�.�20, [\' 3#!!(%']

3�=�()�5@ ~%'#% * �;+ ;0;;�
^==�?��5@ V%* 0Z+ ;0;;�

^ # � > 6  !d ( ' e 6  Y% � ( 6 '@

'��� �� *������� c n � �=(� (' �>*!(=! %'5 V%�>�Y%�(=!+ � 6e�!!6 r (�6<�Y!/6hs!?"#� #

*N	�	 �� (�����	 c �>n (' �>*!(=! %'5 V%�>�Y%�(=!+ ��'(6 b�=�# � r � *#<('%�6_%'%sY%(<� #

*��� �� 0���	 c ��'(6 b�=�# � r �#Y/%�6<�$s %Y"<� � #

�CDEFGH �
I�� 
JGHKLMFLN OLECOLEGHL� �FPQJOLEGHL��� ;0;;� �� ��� ���� ;


